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PREFACE. 



When I accepted an invitation to write the article for the Ency- 
klopädie on the General Foundations of Thencodynamioa, it was understood 
that the article should deal, as far as passible, exclusively with the laws 
of thennodTn amies and consequences immediately dedacibte ' from them, 
and that all properties of particular substances and states which depended 
partially on experimental knowledge or other hypotheses should be left 
for another article. I had long felt the want of a book in which thermo- 
dynamics was treated by purely deductive methods, and it has been my 
object in the following p^es to develop the subject still more on this 
line than was possible in an article professing to be to some extent an 
exposition of the history and actual state of knowledge of the subject. 

It cannot be denied that the perfection which the study of ordinary 
dynamics has attained is largely due to the number of books that have 
been written on rational dynamics in which the consequences of the laws 
of motion have been studied from a purely dednctive stand-point. This 
method in no way obviates the necessity of having books on experimental 
mechanics, but it has enabled people to disraiminate clearly between 
results of experiment and the consequences of mathematical reasoning. It 
is maintained by many people (righUy or wrongly) that in studying any 
branch of mathematical physics, tiieoretical and experimental methods should 
be studied simultaneously. It is however very important that the two 
different modes of treatment should be kept carefully apart and if possible 
studied from different books, and tiiis ia particularly important in a subject 
like thermodynamics. 

In most text books the treatment of the first and second laws is 
based more or less on the historic order, according to which a considerable 
knowledge of the phenomena depending on heat and temperature preceded 
the identification of these phenomena with energy-transformations. For a 
logical order of treatment it is better to regard the laws of thermo- 
dynamics as affording definitions of heat and temperature, just as Newton's 
laws afford definitions (so far as definitions are possible) of force and 
mass. But in any case there is great danger of assuming some property 
of temperature without realising that an assumption has been made, and 
of this danger we have an excellent illustration in the assumption commonly 
made, but rarely if ever explicitly stated, that the temperature of a body 
at any point is the same in all directions. 

To lessen such risks and at the same time to carry the deductive 
method further back it appeared to me desirable to adopt the principles 
of conservation and degradation of energy as the fundamental laws of 
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IV PREFACE. 

thermodyiiaiuica , and to deduce the ordinary forms of these lawB from 
those principlea. A paper was pnhlished by me on this subject in the 
Boltzmann Festschrift, and some eritieisms on it sent to me by Mr. Burbnry 
have led to a more extended examination of the foundations upon which 
thermodynamics rests. Degradation of energy in some form or other is 
a necessary consequence of irreversi^ii^ of energy phenomena. We 
therefore go still further back and assume the principle of irreversibility 
as our starting point When an Irreversible transformation takes place 
the number of sabseqoeut possible transformatioDs is thereby from the 
very nature of the case reduced and we thus have a loss of avaädbäüp 
in its most general sense. When we want to identify the more and less 
arailable forms of energy with those forms of energy which we see 
aroond us, an appeal to experience is necessary. It is in fact possible 
to conceive a universe in which irreversible phenomena tend in a different 
direction to what they do in our own. A mere reversal of the whole of 
the phenomena of our universe would give us one example, and if we 
want another we should only have to imagine ourselves of molecular 
dimensions when we should find that the whole progress of irreversible 
phenomena (wheüier regarded statistically or otherwise) would assume an 
entirely different aspect to that to which we are accustomed. The laws 
of thermodynamics are thus restricted to phenomena of a particular sine 
in the scale of nature, and the lower limit of size is about the same as 
the limit involved in the applications of the infinitesimal calculus to the 
physical properties of material bodies e. g. in hydrodynamics, elasticity 
and so forih. The term "diSerential element" is introduced in the present 
book to represent the smallest element which can be regarded, for the 
purpose of these applications, as being formed of a continuous distribution 
of matter, and the notion of temperature at a point is regarded as not 
more nor less justifiable than the corresponding conventions as to pressure 
and density at a point. 

It is, however, in connection wiÜi entropy and with thermodynamic 
equilibria and stability, that the present method of treatment is found to 
be the most advantt^eous. A controversy on entropy between English 
mathematicians, physicists and electrical and other engineers took place 
in England in 1903 at the instigation of Mr. Swinburne, an electrical 
engineer, who defined entropy by means of what he called "incurred 
waste". In the present book it is shown that if entropy be defined in 
terms of increase of unavailable energy this definition will apply not 
only in the case of entropy imparted to a system by heat conduction but 
also in the case of entropy produced by the irreversible changes within 
a system, of which a number of simple illustrations are given. 

Moreover the available energy meüiod possesses considerable advantages 
in tbe treatment of thermodynamical equilibria. If we assume that in a 
state of equilibrium the available energy of a syst«m is a minimum it 
follows immediately that the conditions of equilibrium can be deduced 
from the equations of reversible thermodynamics and that it is only 
when the stability of the equilibrium is discussed that recourse must be 
had to the inequalities of irreversible thermodynamics. 



by Google 



PREFACE. F 

The old and defunct caloric theory has left us an inheritance in tha. 
torms "heat" and "quantity of heat" the vagueness of which does much 
to caose confusion in the study of thermodynamics. The qnantity of 
heat which one body receives from or imparts to another is a perfectly 
definite conception, and throughout this book the symbols dQ and dq 
refer to this qnantity of heat thus received from without by a whole 
body or system and a unit mass respectively. It was my original 
intention not to consider any other Mttd of quantity of heat But there 
are many intrinsically irreversible phenomena of common experience snch 
as the flow of viscoas liquids, in which it is usual to regard work as 
being converted into heat in the interior of a system, moreover in many 
such cases it is possible to assign' a perfectly definite meaning to the 
"quantity of heat" so generated, It appeared desirable for several reasons 
to discuss examples of such transformations at some length and in these 
examples the so-called quantity of heat generated internally by the irre- 
versible transformation of work has been denoted by dS or dh, and the 
total qnantity of heat gained, according to this stand-point viz. dQ + dH 
for the entire system or dq -\- dh for unit mass, has been denoted 
respectively by dO. or dcf. This convention sometimes enables the 
increase of entropy to be put into the form of dSH/T or d<\/T when the 
expressions dQ/T and dg/T are inapplicable. 

Into the difficulties connected with the extension of thermodynamic 
formulae to irreversible processes , some insight is afforded notably at 
the end of Chapter XI. Even the simple statement that we may put 
dq = l„dv -{- j/fdT cannot be admitted without due reserve when irre- 
versible changes are taken into account. The method of treatment given 
in the section referred to is not the only one that could be proposed 
and it may be said with considerable justification that the truth or 
otherwise of any proposed formula in irreversible thermodynamics depends 
largely on the particular interpretation which is assigned to the symbols 
in that formiilai In the controversy of English engineers on entropy 
already referred to much importance was attached to the question whether 
dQ/T did or ^did not always represent the change of entropy, and from 
what we have said either party had considerable justification for believing 
himself to be right according to his own particular interpretation of dQ. 

A few words must be said as to the order of treatnient in this 
book, as this is a very important point. The deductive method here 
proposed is not started till Part II (Chapter IV). This chapter might 
well be taken as the starting point of a course of lectures given to a 
class of students who are already familiar with the elements of thermo- 
dynamics, and it was my original intention to place it at the beginning 
of the book. But it appeared that the necessarily somewhat philosophic^ 
discussion of Chapters IV — VTII hardly made a sufficiently easy starting 
point for a beginner, and moreover it is important in building up a 
theory that the main facts for which that theory has to account should 
be prominently borne in mind. Accordingly Chapters I, II contain a 
general sketch of the moat important facte and definitions of thermo- 
dynamics as based on experience; Chapter I containing definitions of the 
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principal thermal magnitudes, auch as specific heat and latent heat, and 
Chapter II contaiuiug a brief stunmary of the conTentional or "classical" 
treatment of the first and second laws. In these chapters no attempt 
has been made to define heat and temperature, or to aim at anything 
like a complete or rigorous discussion. Chapter III contains the matter 
included in my JSncyMopadie article ander the heading '^Change of the 
Independent Yariable". It was difficult to find a suitable place for this 
subject matter in any sequence but its present position was chosen as 
the best The formulae there discussed are immediate dedactions from 
the principles of the differential calculus, which are in no way dependent 
on the dynamical theory of beat; they would be equally true on the old 
caloric hypothesis; and for this reason they would be out of place in 
Part n. It is important that such formulae should be kept apart from 
formulae which are properly described as thermodynamical. The formulae 
of Chapter III are not practically required before Chapter XI. 

In Part III, which deals with particular systems, the discussions are 
confined as far as possible to direct consequences of the principles of 
Thermodynamics . 

Mr. Ferguson, B. Sc. has kindly assisted in revising the manuscript 
and proofs. 

July 1906. 
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NOTATION. 



Note. Tha tbermodTnamieal ma^itades connected with a homo- 
geneous substance fall into two clasaes, those whose magnitude is 
proportional to the mass of the portion of the sabstance under con- 
sideration and those which are independent of the mass. The first 
category includes the volume, energy, entropy and thermodynamic potentials, 
while the second includes pressure and temperature. In representing 
quantities of the first category, we shall ase capital letters when they 
refer to the whole body or portion of substance considered, and small 
letters when they refer to a unit mass of the substance. For example 
the volumes of the whole body and of unit mass of the body are denoted 
by V and v respectively, so that if 3f is the mass we have V='Mv. 

In the case of the thermodynamic potentials it would be sufficient 
to make the distinction in the suffixes, Si- referring to the whole body 
and ^ to a unit mass. This was done in the "Encyklopadie" article 
but for greater definiteness we have used ^ for unit mass in this book. 

The following list gives the symbols used in the present book and 
the corresponding notation of many other writers. The formulae are 
only given for the purpose of greater definiteness in distinguishing the 
various symbols. In most cases therefore they refer only to simple systems 
and hold good only in the case of reversible transformations. 

Generally speaking the symbols indicated in the third column by *) 
are most frequentiy used in Germany (^Clausius and others), by ') in 
America {Gibbs), by *) in England (Tkoms&n, TaU), by *) in France 
(i>MAem). The numbers '), *) refer to EelmholUs and Massim respectively. 



Name 


Symbol 


Other 

Notations 


Formula« 


Volume 

Density 

Pressure 

Absolute Temperature 

Heat communicated to a system 
from without 


V V 

P 


dE 


1 
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Seat generated in the interior 
of a Byatem by irreTereible 
transformation of work into 
heat (where meaaurable) 

Total heat added to body . . . 



Entropy 

Kxtemal work . 



Intrinsic Energy 

Available Energy or Motivity. 
Thermodynamic Potentials. . . 



Generalised position- coordinates 

Corresponding force -components 

Partial differential cofllffident of y 
with respect to x with t con- 
stant 

Specific heat or heat capacity 
(generally) 

Specific beat at constant Toltune 

Specific heat at constant preasnre 

Ratio of the specific heats . . . 

Latent heat of expansion at 
constant temperature 



A 
Ss f. 

m. 

T y 



Other 

Notations 



If,»), F*»"), 



'».!' 



s:,c. 



af'ce 



See Chapter IXf 
§ 117 



dC — dQ + dB 
dn — lfdv + f,dT 
dS = dQ/T 

(revemble) 
dW — pdV 

(simple system) 
dü=-dQ-dW 



^s-U + pr 
dW= 2Xdx 






dq=-y,dT+l,dr 
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Name 


Symbol 


Other 
Kotationi 


Formulae 


Latent heat of presanre variation 
at constant temperature 


h 


U 




Coefficients of cubic expansion at 
constant pressure and constcuit 
entropy respectively 


«f, «, 






Uoduli of elasticity at constant 
temperatore and constant 

entropy respectivaly 


er, 8. 






Mechanical Equivalent of heat 
or specific heat of vrat«r in 
work nnits 


J 


1/4", E*1 




The constant in the equation of 
a perfect gas 


B 


B 


pii-BT 


Masses of the different phages of 
a complex (small letters for 
unit mass of complex) 


U\M",... 






Tor a binary complex also 
denoted by 


X and 

M-X 
a:andl— a: 






Spedfic Volumes of the two 
Phases of a complex 


«-,«" 




»-«.'+(!-.)»" 


Entropy, energy and potentials 
of the phases of a complex 


Distin- 
foiahed by 
accent« in 
like manner 






Equation of cut« of saturation 


G{p,'r)=0 




V-f," 


Specific heats of the phases of 
a saturated complex 


/,/ 




whereffCp,/) — 
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Symbol 


Other 
Notations 


Formulae 


Latent heat of transfonpatioi] . 


K 


r^) 


'-©, 


Masaes of the components of a 
mixture (small letters for unit 
mass of mixture) 


3f„3f»,- 
m„,mi,... 






Partial potentials of the com- 
poneate 






dU-TdS-pdV 
+ £l,dM 
Bp-^cJH 


In a galvanic cell the electro- 
motive force 


E 






Quantity of electricity passing 
tiirough the circuit 


' 




dV-TdS-Ede 


Entropy of unit charge at any 
point of a reversible thermo- 
electric network 


% 






Coefficient of Peltier Effect , . . 


U 




ji-.-yfe-») 


Specific heat of electricity . . . 


" 




«-T^ 
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CHAPTER I. 

DEFINITIONS AND ELEMENTARY FACTS. 

1. In this chapter, we sliall give a brief oatline of the more 
important fusts, as based on actual experience, to account for which 
is the purpose of a dynamical theory of heat. 

The phenomena known as heat phenomena invoke the conaideration 
among others, of the two following concepts: 

(1) The gualihf of a body known as temperature. 

(3) The quantUt/ of heat passing to or from a body under given 
conditions. 

As the deänitions of these concepts are best based on dynamic^ 
considerations, we at present only a^nme their existence together 
with such of their properties as are revealed by simple experiments. 

2. Heasnrement of temperatnre. — 6as- Temperature. Any 

number of bodies may be arranged in order of temperatore by means 
of the following property, which may be regarded as a definition of 
equal imd unequal temperatures. 

When hmt tends to flow from a body A to a body B, the body A 
is said to have a higher temperature than S. When no transference of 
heai tmds to take piace, even under cortditiom which render such a 
transference possible, A and B are said to have the same temperature. 

The choice of a scale of temperature is, apart from thermo- 
dynamic considerations, perfectly arbitrary. The most convenient 
thermometers, or instrnmente for measuring temperatures within 
ordinary ranges, are those in which changes of temperature are 
indicated by the changes they produce in the volume of a definite 
quantity of matter, usually a liquid or a gas, subject to given external 
conditions as to preBsnre, etc. 

In physical invest^tions the substances most commonly employed 
to define a scale of temperature are the so-called permanent gases 
such as air, hydrogen, etc. 

The constant -pressure gas-saUe of temperature is a scale in which 
temperature is taken to be numerically proportional to the correspond- 
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4 I. DEFINITIONS AND ELEMENTARY FACTS. 

ing volume occupied by a constaat mass of some permanent gas, 
maintained at a constant pressure. 

The unü or degree of temperature is commonly defined as in 
Celsius' scale by tbe assumption tbat from tbe freezing to the boiling 
point of water represents an interval of 100°. With this assumption 
the gas- temperatures of the freezing and boiling points of water are 
about 273" and 373° respectively. 

The advantt^e of a gas-scale of temperature is that it is found 
to be approximately the same whatever be the constant pressure or 
the nature of the gas employed, provided the gas is sufficiently far 
from the point at which liquefaction tabes place. 

As, however, gases may be liquefied under tbe action of extreme 
cold, the gas-scale does not, in itself, apart from thermodynamical 
considerations, afford warranty for the statement that "the absolute 
zero of temperature is — 273" C". 

3. Heasnrement of Qoantity of Heat. In practical calorimetry 
quantities of heat are measured by the quantity of a certain assumed 
standard substance to which they would impart a certain definite 
assumed change of temperature. The unit of heai commonly adopted 
is known by the name calorie. The smaU calorie or gram calorie, 
often called calorie, is the quantity of heat required to raise tbe 
temperature of a gram of water through an intervid of 1' C in a 
definite assumed part of the thermometric scale. The interval formerly 
assumed in the definitioQ of the calorie was from 0° to 1" C, but in 
certain modem investigations, a calorie defined by the temperature- 
interval 14y" to löy" has been adopted. The great calorie or IcUogram 
calorie is the quantity of heat which raises 1 kg. of water through 
the same temperature -interval of 1" G, and is equal to 1000 small 
calories. 

4. Heating a Body. In ordinary laognage when we speak of 
heating a hody, either of two things may be meant, viz., 

(a) that the temperature of the body is being raised, 
{h) that a certain quantity of heat is beij^ imparted to the body. 
This ambigaity does not usually cause confusion in every day 
life, because in tbe majority of cases, the two operations (a) and (&) 
occur simultaneously. But if a mass of gas is rapidly compressed 
its temperature may be increasing while it is at the same time giving 
heat to surrounding bodies; tbe gae would then be being heated 
according to definition (a) and cooled according to definition (b). In 
thermodynamics it is therefore desirable to avoid the ose of terms 
such as heating or cooling a body, whenever any ambiguity can 
possibly arise. 
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HEAT. — SIMPLE SYSTEMS. . 5 

On the contrary, when a body is spoken of as growing hcMer or 
colder an increase of temperature is always implied, for tlie hotness 
and coldueBB of a body are qualitative terms which can only refer 
to temperature. 

5. Isothermal and Adiabatic Transformatiofls. A body is said to 
nndergo an isoÜiermal transformation when its state varies in such a 
way that the temperature remains constant. When the body neither 
gains nor loses heat the transformation is said to be aduibatic. 

6. Simple systems. The simplest hinds of systems occurring in 
the study of heat are homogeneous fluids or solids subjected to no 
external stresses except a tmiform hydrostatic pressure. The mechanical 
properties of such a substance are expressible in terms of two 
quantities, namely, its pressure and volume. 

The changes occurring in such systems can be expressed in 
terms of one variable alone if the transfonnations contemplated are 
ei^er isothermal or adiabatic, and in such cases the pressure would 
be a function of the volume. We might speak of the systems aa 
having one degree of mechanical freedom, but we shall prefer to call 
them simple stfstems. 

When the above restriction is removed these systems will be 
seen to have at least two degrees of freedom. If a fluid receives heat 
or has its temperature raised, its pressure can be varied keeping its 
volume constant, or its volume may be varied keeping its pressure 
constant, bttt no third Independent variation is possible in which 
both the pressure and volume remain constant and the fluid remains 
homogeneous. The state of the system is therefore completely defined 
by two independent variables, and any third variable is connected 
with these two; thus between pressure (p), volume of unit mass(u) 
and temperature (t) there most exist for any particular kind of matter 
an equation of the form 

(1) rtp,., 0-0. 

Another example is afforded by a stretched wire subject to 
the condition that only the longitudinal tension varies, the cylindrical 
surface of the wire being maintained at constant (usually atmospheric) 
pressure. Here the length of the wire and its tension will be dependent 
on each other in the case of an isothermal or an adiabatic trans- 
formation, but will be capable of independent variation under the 
influence of heating effects of a general character. 

Where the number of independent variables is greater than two, 
the system will be called a compound system. If the system has 
n degrees of mechanical freedom for isothermal or adiabatic trans- 
formations, the total number of variables will be at least n + 1. 
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6 I. DEFINITIONS AND ELEMENTAEY FACTS. 

7. Use of capital and small letters. In dealing with the properties 
of homogeneouB aubstanceB, there are certain qaantities, such as the 
Tolnme, which are proportional to the mass of the suhstauce, and others 
which are independent of the mass. In designating the former cUbs of 
quantities we shall use capital letters when they refer to the whole 
body, and small letters when they refer to the unit of mass. Thus 
taking the case of Tolnmes, if m is the mass, the whole volume will 
be called F, and the volume of unit mass v, and the relation connec- 
ting all such pairs of quantities will be of the form V=mv. 



8. Indicator diagrams. If the pressure p and volume v of a simple 
substance be taken as coordinates of a point in a plane, then any 
continuous variation of the state of the substance will be represented 
by a curve described by the point {VfP). The curves corresponding 
to isothermal and adiabatic transformations will be called isothermal 
and adiabatic curves. Any dif^am 
drawn in this way will he called an 
indicator diagram. 

Taking the pressure p and total 
volume V as coordinates we observe 
that since the work done in any 

expansion is jpdV it is measured by 
the area contained by the arc of the 
curve in the (V^ p) plane and the two 
bounding ordinates to the axis of V. 




9. Cycle. When a system starts from a given state and returns 
to the same state by passing through a different series of intermediate 
states it is said to perform a cyde or 
undergo a ctfdic iransfonrudimt. For a 
cyclic transformation of a simple system 
the indicator digram will be a closed 
curve in the (y,p) plane, and the total 
work done by the body, measured by 




the integral \ j jpdV will be repre- 



sented by the area of the closed curve 
" - > , described. 
PI ^ If the axis of p makes with the 

axis of Van angle 90" in the counter- 
clockwise direction this work is evidently positive when the curve is 
described in the clockwise direction. 
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INDICATOR DIAGRAMS. — BOYLE'S LAW. 7 

The Biga w J is used to denote an integral taken roond a cycle. 

I^For a system with two degrees of mechanical freedom, the state 
could be defined by the coordinates of a point in three dimensional 
space, and a cycle would be represented by a closed curve in apace, 
bat tlie work done would not admit of snch a simple geometric 
representation. For a lai^er number of degrees of freedom even this 
geometrical representation would be impossible.] 

10. The Boyle -Mariotte Law for Gases. The equation of the 
isothermals of gases was first investigated by Boyle in England and 
JiTariotte in France. The relation obtained by them, which is now 
known to be approximately satisfied by the majority of gases except 
near the point of liquefaction is implied in the statement that 

When the temperature of a gas is constant the vdume varies 
inversdy as the pressure. 

This statement ia known as Boyle's Law or the Boyle -Mariotte 
Law. According to- this law the equation of tiie isothermals of a 
gas takes the form 

j>v = constant 

and every iaothermaJ curve ia a rectangular hyperbola. 

If t be the giu- temperature as defined in § 3 it follows that in 



(2) pv = Rt 
where M is constant. 

According to Van der Waals a better approximation to the iao- 
thermala ia given by 

(3) (p + -, I Iv — bj^ constant 

where a, b are small constants. To thia order of approximation the 
relation between pressure, volume, and temperature cannot be con- 
veniently expressed in terms Of gae- temperature as defined in § a. 
But if the right hand side of (3) is put equal to JRt', where JR ia 
a constant, the quantity t' will give a measure of temperature which 
is independent of the substance chosen to a higher order of approxi- 
mation than the gas -temperature defined by § 2. 

11. Thermal Coefficients. — Specific Heat The coefficients defined 
below express the ratios of the small changes in the ptyaical properties 
of simple systems on the assumption that no internal friction, vibcobi y, 
or resistances of a similar character exist in the ay8teno.7 *"?* '^? 
chemical changes take place during the transformations co*^^' 



by Google 



8 I. DEFINITIONS AND ELEMENTABT PACTS. 

The term specific heat, or as it might better be called, specific heat- 
capadty is nsed generally to denote the ratio of the quantity of heat 
given to a unit mass of any substance to the increase of temperature 
which it prodaces. Ab, however, this ratio may vary with the tempe- 
rature, a precise definition of specific heat-capacity in any state is 
given by the difPerential coefficient 

dg 1 dQ 

y=Tt <"■ ^-di 

where an infinitesimal increase of temperature dt requires the addition 
of a quantity of heat dq to a unit mass or dQ to a mass m of the 
substance. 

The whole capacity of the body for heat will be represented by 

^ ~ dt' 

Moreover, as changes of temperature produced by the addition 
of heat usnaUy involve other changes in the physical state of a body, 
it is necessary to distinguish different kinds of specific heat. In the 
simplest case of a fluid or a solid subjected only to uniform external 
pressure, two kinds of specific heat are distinguished according to 
whether the pressure p or volume v is kept constant. 

Taking for example a unit mass^ the specific heat at constant 
volume 11 is defined by 



subject to the condition v ^ const. 
The notation 

/d«\ ä,y 

is commonly used iu thermodynamics to denote the differential coeffi- 
cient of a variable y with respect to a ^cond variable x when a 
third variable e is kept constant. With this notation the specific heat 
at constant volume is defined by 

(^) . rM%l «^ '4- 

Similarly the specific heat at constant pressure is defined by 

The ratio of the specific heats is a quantity frequently occurring 
in physics, and will be represented by x so that 



(«) 
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THERMAL COEFFICIENTS. 9 

12. Latent Heats of Expansion. The latent heat of expansion of 
a simple Babstance at constant temperature is the ratio of the heat 
commtmicated to a tmit mass of the substance to the increaBe of 
volume if the temperature remain constant; in other vords, it is 
given by 



(') '•■ 



.lii\ 



Similarly the latent heat of pressure-variation at constant tempe- 
rature is given by 

TO '.-©, 

and we notice that for a given small change, whieh must be iso- 
tberraal, dq is the same in both espreasione, and the relation between 
dp and dv ie determined by the isothermal equation of the substance, 
BO that 
(9) l.-l,(£). (,_!.(!). 

The latent heate here referred to must not be confused with 

the latent heat of transformation connected with the passage of a 

substance from the solid to the liquid or &om the liquid to the 
gaseous phase. 

13. The Coefficient of Cubic Expansion ai condant pressure p is the 
ratio of the increase of volume, expressed as a fraction of the total 
original volume, to the increase of temperature; in other words it is 
given by 

14. The Modnlns orgasticity at constant ten^aerattere is given in 
like manner by 

(") '—'{^r-^m: - -^- 

The reciprocal of this is called the compressü>üity , and calling 
it ßi we have 

There is also a coefficient of cubic expansion and a modulus of 
elasticity for adiabatic transformations, these being defined respectively by 

the suffix s denoting that in differentiation the variations must correspond 
be an adiabatic transformation. These coefficients are also often 
called the i$eiid.ropic coeffident of expansion and modulvs of dasUcUy. 



by Google 



10 I. DEFINITIONS AND ELEMENTAET PACTS. 

15. Changes of phase. The paesage of a sabstanee such as water at 
ordinary atmospheric pressure from the solid to the liqaid or from 
the liquid to the gaseous state affords an example of a general class 
of phenomena known as changes of phase. If the pressure be kept 
constant, such a change takes place at a certain tempei'ature called 
the temperature of transformation or iemp^ature of eguäibnum; thus 
the boiling point of water is the temperature of transformation from 
the liquid to the gaseous state at normal atmospheric pressure. 

If the temperature is given the change takes place at a certain 
pressure called the equilibrium pressure; in the case of transition 
from the liquid to the gaseous state this pressure is also known as 
the vapMr pressure corresponding to the given temperature. 

The different states are particular cases of what are known 
as different j^iases of the same substance, and the change from 
one phase to the other is discontinuous, the substance passing 
through no continuous series of intermediate states. The quantities 
of the substance existing in the given phases usually vary continuously 
during the process of transformation, and the two phases may be 
maintained in equilibrium with each other for an indefinite time at 
any temperature and pressure at which transformation takes place. 

Thus, let water and steam be in equilibrium in a cylinder with 
a moveable piston kept at constant temperature. If the volume be 
increased, a portion of the water will be converted into vapour until 
the pressure is the same as before, and the phases will then be 
remain in equilibrium; if the volume be reduced, the reverse wiU 
take place. 

Ä system in which two or more phases are in equilibrium is 
called a saturated complex of the phases. The name mixture is also 
commonly applied to such a system, but it is better to apply this 
name exclusively to homogeneous systems in which various substances 
or phases are really mixed, instead of the heterogeneous systems in 
which the phases are s^arate and distinct. 

From the above explanation it follows that a saturated complex 
of two phases of a single substance can only exist when the pressure p 
and temperature t are connected by a certain definite relation, say 

(13) G{p,t) = 0. 

The curve which represents this equation in terms o{ p, t as 
coordinates is called the curve of saturation. 

In the passage of a substance from one phase to another a 
certain quantity of beat is given out or absorbed. The quantity of 
heat X required to transform a unit of mass of the substance from 
one phase to the other is "caEed the Latent Heat of TraMformation or 
specific heat of reaction (called by Zeuner the " WarmeinhaU" of the 



by Google 



CHiNGES OF PHASE. H 

process). If heat is absorbed the sabBtauee is said to pass from a 
lower to a AwjAcr pbase and converaely. 

The specific volumes of the phases are the Tolnmes of a unit 
mass of the Bobstance in these phases, and will be denoted by v' 
and v" in the case where there are only two phases. 

16. Relation between the latent beat of transformation and the 
latent heat of expansion of the complex. We shall now prove the 
very important relation 

connecting the latent heat of espanaion of the complex at constant 
temperature with the latent heat of transformation. 

Suppose a quantity dm of the substance to pass from the 
phase ^' to the pha^e t/, the temperatare being kept constant. The 
quantity of heat dQ absorbed is Xdm while the total increase of 
volume is fiF= (i/ — t/')d»i. Hence 

/d£\ x__ 

By taking the total mass of the complex to be unity it is easily 
seen that the left hand member is equal to 1^1 1 which is the quantity 
defined as the latent heat of expansion of the complex, or l„. (§ 12.) 

17. The Specific Heats of th« hiJiiher and lower «phases in the 

slate of salwaiion are the quantities y',^' defined by 
I _ dg.' „ _ da" 

'^ "" ~dt' ^ ~ d( • 

where d^, dq" are the quantities of heat required to raise a unit 
mass of the substances in the two phases respectively through a 
temperature difference dt, when the pressure varies in such a way 
that the phases continue in equilibrium (i. e. when the changes of 
pressure and temperature take place in accordance with the equation 
G (p, t) = 0). We may thus write our definitions 

IS. The Triple Point. When a substance is capable of existing in 
three different phases there exist generally a unique temperature and 
pressure at which all three phases can be in equilibrium with each other. 
This temperature and pressure define what is known as a inple point. 

Thus for water the temperature of the triple point is 0.0074* C 
and the pressure is 0,00614 atmospheres. At this temperature and 
pressure ice, water, and vapour can coexist in equilibrium with each 
other. 
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12 I. DEFINITIONS AND ELEMENTARY FACTS. 

Id. Other examples of phase eqnilibrinm. In sulphur we have an 
example of a substance of which two phases, both solid, (monoclinic 
and rhomboidal) can coexist in eqnilibrinm with each other, if the 
temperatare and pressure are connected by a certain relation. 

As an example of phaae eqnilibrinm in which more than one 
snbstance is concerned, we may take a saturated solution of any salt 
in presence of undissolved salt, aod vapour of the solvent. The 
solvent may or may not occur in all three phases, in the vapour, in 
the solution, and in the undissolved salt in the form of water of 
crystallisation, similarly the salt may or may not occur in all the 
three phases, since, if volatile, its vaponr may be mixed with the 
vapour of the solvent. 

20. The Critical Point. When a gas is condensed by increase of 
pressnre at constant temperatare it becomes changed into liquid at a 
certain pressure provided that the temperature does not exceed a 
certain limit. If the temperatare is greater than this limit, no sudden 
change tabes place. This property was first discovered by Cagniard 
de la Tour in 1822 and studied by Andrews for carbon dioxide (COj). 
The limiting temperature at which the distinction between the liquid 
and gaseous phases vanishes ia called the critical iempercUure, and the 
corresponding limiting value of the pressnre of liquefaction is the 
critical ^essUre. » 

If the ^stence of a critical point be assumed, it is always 
possible to transform a sub^ULce from one phase to the other by a 
continuous series of transformations by suitably heating it above the 
critical teiiperature during the process. 

21. Point of Haximnm Density. When water is cooled at constant 
atmospheric pressure its volume decreases till a temperature of about 
4* C is reached, but any further diminntion of temperature causes if 
to expand, a further expansion accompanying the process of freezing. 
The temperature at which contraction chuiges to expansion is called 
the temperature of maximum densUy. 

The specific volume is then a minimum for variations in which 
the pressure remains constant so that 
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CHAPTER n. 

CLASSICAL TREATMENT OF THE FIRST AND SECOND LAWS. 

22. Equivalence of Heat and Work. Till the end of the IS'" 
century it was commoiily believed that heat was a substance, which 
was called caloric, igneous fluid, or Phlogiston, although there are 
to be found attempts at a kinetic theory, according to which heat 
ia attributed to molecular motion, in the writings of Hooke, Descartes, 
Locke and others. 

■ In 1798 Count Sumford described experiments at Munich on the 
heat produced by the boring of cannon; finding that the thermal 
capacity of the borings was the same as that of the metal of which 
the cannon were made, he inferred that the heat was not taken from 
the borii^B and therefore could not be a material substance, and he 
was thus led to believe that heat was nothing else than motion. 
About the same time Davy produced heat by rubbing two pieces of 
ice together and melting them, although the thermal capacity of 
water was greater than that of ice. The new view received so little 
support, however, that Fourier ia his Theorie de la chaleur (1822) 
stiU held to the materialistic view regarding the nature of heat. 

The first determinations of a numerical relation between quantity 
of work and quantity of heat were published by Robert Mayer, of 
Heilbronn in May 1842, and by James ^escott Joule of Manchester 
in August 1843. 

Among the various experiments performed by these writers we 
may quote Joule's well known determinations of the heating eSecte 
produced by the friction of flnids. A quantity of water in a closed 
vessel was agitated by a rotating paddle set in motion by a falling 
weight, and Joule thus determined the wort-quantity required to 
raise the t6mperature^ of the water by a given amount. Other 
experiments were made by Mayer and Jmde on the heat produced 
by the compression of gases, and later experiments have been made 
on the heating efi'ects produced by electric currents, as well as by 
various other methods. 

The agreement between the results obtained by these different 
methods is as close as could be expected when errors of experiment 
are taken into account, and we are thus led to the so-called Principle 
of Equivalence, First Law of Thermodynamics, or Mayer- Joiüe 
Frinci/ple according to which: 

When heat is transformed into work or conversely loork is trans- 
formed into heai, the qtumtiUf of heat gained or lost is proportional to 
the quantity of work hsi or gained. 
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23. Tbe Absolute Unit of Heat Just &b Newton's Laws of 
motion afford an abaolnte qnaotitatiTe measure of force, so tlie First 
Law of Thermodynamics gives us an absolnte measure of qnantity 
of heat. The dpiamical or abs(^ie una of heat (introdnced by 
Kankine) Is that quantity of heat which is the equivalent of a unit 
of work. In the C. G. S. system of unite the dynamical nnit of heat 
is therefore the ei^. This nnit of heat will always be used in 
future in the present work unless the contrary is stated. 

The so-called tnechanical equivaient of a given nnit of heat is 
the number of units of work that must be transformed into heat in 
order to produce that unit of heat or its equivalent effect. Its value 
depends on the units adopted for the measurement of work and heat 
respectively, and it is commonly denoted by the letter E or /. From 
the experiments of Joule, Sim, and others it is found that if heat be 
meaBured in small calories and work in ergs, Jia equal to about 4.18 x 10'. 

If heat he measured in dynamical units the mechanical equivalent 
becomes equal to unity, and the equations of thermodynamics assume 
a simpler and more symmetrical form. 

It is to be observed that from this stand-point the measurements 
of the mechanical equivalent of a calorie assume a new meaning. 
For from the definition of a calorie it follows that its mechanical 
equivalent is the number of work units of heat required to heat the 
nnit of mass (a gramme) of water through 1", and this number 
therefore now represents the specific Jieat of tiiater. 

24. Conservation ornon-conservation of heat. While the principle 
of conservation of energy shows that the total energy gained by a 
body is equal to the energy supplied from without in the form of 
work or heat, (or any other form'^jf enei^ which may exist), properly 
the fact that energy supplied in the form of work can be withdrawn 
in the form of heat, and that under certain limitations the reverse 
process is possible, illustrates the fact that no' definite portion of the 
energy of a body can be called work and heat respectively, and we 
shall never in Thermodynamics speak of a body as containing a 
definite quantity of heat. 

There are however a great many ordinary phenomena to which 
the old caloric hypothesis is perfectly applicable, and it is so common 
to think of a body as containing so much heat that we must examine 
why such ideas, though thermodynamically erroneous, lead in many 
eases to consistent Tesnlts by simplified methods. 

If energy only passes to and from bodies in the form of heai^ 
the caloric hypothesis will of course give perfectly correct results, 
and there will be no error arising from speaking of the total energy 
of a body as the quantity of heat contained in it. 
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THE FIRST AND SECOND LAWS. 15 

Kow this ü approximately true in dealing with ordinary solid 
or liquid bodies at atmospheric pressore, owing to their small coeffi- 
cients of expansion and large specific heats. 

For example, if one gram of water is heated from 0°C to 100" C f i i j 
at atmospheric pressure, its Tolame increaaes from 1 to 1.045 o.e. "*■ '' 
and the work done in expansion, if this pressure is 10,000 dynes per fi «c^ 
square centimetre, is 450 ergs, or only about 0.0000001 of the energy 
required to raise the temperature of the gram of water by 1* C 
(taking 4.18 x 10' as the Talne of the specific heat J). This 
exemplifies the fact that in bodies other than gases the work of 
expansion is nsnally negligible in comparison with the energy required 
to prodace measarable changes of temperature. 

Thus the somewhat Yogae term "quantity of heat contained in 
a body" in common use probably means in many cases the same as 
the more precise thermodjnamical term "intrinsic energy". Bat the 
word heat is ased in sach a vague way to denote temperature, 
quantity of heat, or indeed mere coefficients of thermal capacity 
such as latent heat and specific heat, that it has ceased to have any 
precise meaning. 

25. The Second Law. While any quantity of work can be 
transformed into heat by friction or otherwise, it is generally im- 
possible to transform the whole of the heat again into work, and 
the former transformation is for this reason said to be irreversible. 
As an instance of this property we have the common steam engine, 
in which part of the heat produced by the . combustion of the coal 
is carried off by the escaping steam, or is absorbed by the condenser 
in a condensing engine, and this portion of heat is not transformed 
into work. ^^ 

The exact law determining the maximum quantity of heat which 
can be converted into work by any machine depends on a principle 
which was first enunciated on the materialistic view of heat by Sadi 
Camot in 1824, and was discussed from the same stand point by 
Clapeyron in 1834. Its correct form and significance for the 
dynamical theory of heat were made clear by Clavsius in a paper of 
1850 and by Lord Kelvin in a paper of 1851. 

The principle thus discovered is known as the Principle of Camot- 
Glausius or the Second Law of Thermodynamics, and it is virtually 
contained in the following axiom: 

Heat cannot pass from a colder to a warmer body tvifhout some 
compensating transformation taking place. 

26. Camof s Cycle. If we have two bodies H and K maintained at 
constant unequal temperatures t^ and ^ (t^ > t^), an indefinite amount 
of work may be obtained from them by means of a third intermediate 
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body S, by causing this body to undergo a series of cyclic trans- 
formations of the kind known as Camot's cycle. We skall call S 
the source, K the refrigerator, and S the working substance. This 
latter may be taken to be, e. g,, a maas of gas contained in a cylinder 
famished with a piston, and it must be capable of being brought 
into thermal contact with either H or K. The process consists of 
fonr parts. 

(1) The system S starts at temperature t^ and is brought, '■ 
without gain or lose of heat, to temperature t, by suitable external 
mechanical aotiotts (e. g. compression). 

(2) The system S is placed in thermal contact with the source S 
and receives from it a certain quantity of heat Q, while its temperatnre 
remains constant and equal to ^. 

(3) The temperature of the body is allowed to fall to t^ (by 
expansion) without its receiving or parting with heat, 

(4) The system is brought into contact with the cooler K and 
its state is allowed to change until the initial state (i. e. the same 
volume as at the commencement) has been obtained. In this 

process a certain quantity of heat ' 
Qs is given to the cooler. 

If (S is a simple system, charac- 
-^ ' ^- terized by the variablea p, V (§ 6) 

the cycle will be represented geo- 
metrically by a curvilinear quadri- 
lateral ABCD. In the first process 
the characteristic point will describe 
an adiabatic line AB, in the second 
an isothermal line BC, in the third 

an adiabatic line CD, and in the 

V fourth an isothermal line DA. 
Fig s. The work W done in the cycle 

is represented by the curvilinear area 
ABCD, and by the Mayer- J<nile Principle it is equal to the lost 
heat ^j — Q^ expressed in dynamical units. 

Ga.rQoi'& aydl^vs per fecUy reversible. If we imagine the characteristic 
point to describe the same quadrilateral in the order ADCBA, we i 
shall have a cyclic process in which the system (I) receives Q^ at j 
temperature t^ from the cooler, (2) undergoes adiabatic changes till 
its temperature is t^, (3) imparts ^i at temperature i, to the source, | 
and (4) is brought back to its initial state by an adiabatic trans- i 
formation which reduces its temperature to t^. 

In this case a quantity of work ^j — Q^ is converted into heat, 
the area encircled by the representative point in describing the quadri- 
lateral being negative. 
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CAENOT'S CYCLE. 17 

Camot's cycle is the only perfectly reversible process by ' which 
work can be derived indefinitely from a eingle source and refrigerator 
maintained at given conBtant temperatures. If, owing to imperfect 
thermal contact snch as occnrs in practice, a difference of temperature 
occurs between the working substance and the source and refrigerator 
respectively when heat passes between them, or if the intermediate 
transformations are not perfectly adiabatic owing to radiation, or, 
again, if the expansions and contractions of the intermediajy system S 
are retarded by friction, viscosity, or such resistances, the resulting 
cycle is irreversible. 

27. Efficiency of a heat eBgJne. The efficiency of a heat engine 
or motor is defined to be the ratio of the qujuitity of work produced 
to the quantity of heat absorbed from the source, and hence if Q^ and 
Öj are the quantities of heat absorbed from the source and given to 
the refrigerator, expressed in work nnits, the work done is Q^ — Q^ 
and the efficiency is — q~' ■ 

From the Clausius axiom we now deduce the following: 

Of all heat motors working iekveen given temperatures that which 
is perfectly reversible has the greatest efficiency. 

Let M and N be two heat motors, and if possible let IS be 
perfectly reversible, and let M be more efficient than N. Let the 
two motors have the same source and refrigerator, and let the 
motor M transform heat into work, while N, performing the reverse 
cycle, transforms this work back into heat. Then since M is 
more efficient than N, the quantity of heat absorbed from the source 
by M is less than the quantity which N would have to absorb to 
perform the same amount of work, and is therefore less than the 
quantity of heat N gives to the source when N performs the reverse 
transformation. Hence the source receives more heat than it loses, 
and since nq work is performed on the whole, this heat must be 
taken from the refrigerator. Thus heat passes from a colder body 
(the refrigerator) to a hotter body (the source) without work being 
absorbed. But this is contrary to Clausius' axiom. Therefore M 
cannot be more efficient than N. By similar reasoning we may also 
show that aU reversible motors working between the same temperofttre» 
have die same efßcieneg. 

It follows that the efficiency 1 — ^ of every such reversible 
transformation between temperatures t^ and ^ is the same; this 
efficiency must therefore be a function of the temperatures only. 
Hence ^ is a function of t^ and t^ only and therefore we may write 

(") ' I -/-ft, a 
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18 n. CLASSICAL TREATMENT OP THE PffiST AND SECOND LAWS. 

Now suppose, instead of a single cycle, we take two working 
snbfitanceB S^ and S^, one performing a cjcle between the temperatures 
t^ and ig and the other performing a cycle between t^ and t^, bo that 
the heat Q^ given out by S^ at tem- 
peratnre (, is. absorbed by S'^ at that 
temperature. This combinations of 
two cycles is represented graphically 
by a figure like Fig. 4, and since 
its only ultimate effect is to take a 
quantity of heat Q^ from the soarce 
at temperature (j and give a quantity 
of heat Q^ out to the refrigerator 
at /j its efficiency must be equivalent 
to that of a single 
cycle acting bet- 
ween t^ and tg. 
Thns 

i. 







and therefore for all values of t^, ^ and ^ 



Hence 

(18) 



(19) 



(20) 



f(k,h) = 



Now let (g be put equal to a constant C while ^ and t^ are 
left variable. Under these conditions the constant temperature t^ 
may be omitted from the expressions f{ti,t^ and f{ti,t^, and these 
expressions may be written <p(t-^ and 9'(^) respectively, that is 

28. Absolnte Temperature. The form of the function <p(t) will 
depend on the scale of measurement of temperature intervals. We may 
therefore chose this scale so that <p(t) is proportional to the temperature 
Tj or ip{t) '^JcT, where fc is constant. If this assumption be made, 
T is said to be the absolute temperature, and the equation gived 

§, T,' ft "" T,' ,ft r,' 
Hence we have the following definition. 

Tb€ dbs(^e temperature is a quaviity defined hy the property 

that the absdute temp&'atures of two bodies are proportional to Hie 
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quantities of heat lost by one and gained by the other in a perfecäy 

reversible cyclic transformation in which Qte bodies play the part of 

source and refrigerator. 

Tte unit absoltäe temperature still remainB nndetermmed, and 

for tKis the degree Celsius ia asually taken, so that the difference of 
absolate temperature between the freezing point and boiling point of 
water becomes equal to 100 degrees. Under this aBsumption it ia 
found from experiment that the absolute temperatures of the freezing 
and boiling points of water respectively are proportional to 273 and 
373, Lence these temperatures must be called 273 and 373 degrees 
approximately. In this sense it is commonly said in experimental 
treatises on heat that the temperature of the absolute zero is — 273" C. 
The gas-scale of temperatnre is very approximately but not 
actually identical with the absolute scale, as will be seen later. 

29. Carnofs Fnnetion is a quantity ft such that the efficiency of 
a reversible engine between temperatures t and t — dt when dt is 
infinitesimal is iiSt. It therefore equals ~^ of equation (19) or 
equals ■-■ if T is in absolute units. 

In the earlier writings of Camot, Clapeyron, Thomson, Tait, 
and Bankine, a different method was employed. Consider the limiting 
case of Carnot's cycle when the area ÄBGD becomes an infinitesimal 
parallelogram, the iso- 
thermalsjlI>,CB corre- 
sponding to tempera- 
tures t, t— St, and the 
heat taken from the 
source being d^. LetZ, 
be the latent heat of 
' expansion at temperar 
ture T, so that i^dFis 
the quantity of heat 
required to increase the 
t Tolnme of the working 
j Bubatauce by äV at 
I constant temperatuce t. 
i Then 




work done in complete cycle " 



Fig. 5, 

area ABCV - 

BF-FQ. ^^ 

Now BF= (-^1*' where v is kept constant in (-^)' and TQ =" 'T^ 
whence 



FBCE (Fig- &") 



work of the cycle 



-^P'AT^ 



"di 



ST"-. 
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Bat this by definition equals [iSTSQ. Hence 

By the Second Law (i is a function of t. If the temperature T 'be 
absolate, ii = y ^"^ (^1) hecomes 

This result will be obtained later by analytical methods. 

30. Lord Kelvin's "First Scale" of Absolate Temperatore. Before 
the present scale of absolute temperature had been introduced, Lord 
Kdvin, in 1848, suggested a scale based on the assumption that 
^ = 1. If # is the temperature on such a scale we obtain 
d& — (Ldt (referred to any arbitrary scale)* 
= -=r (referred to the present absolute scale) 

whence (23) * = lognat T + const. 

The temperature on the "first scale", & is therefore equal to 
the logarithm of the absolute temperature plus an arbitrary constant. 
This scale will be found to possess the following peculiarities. 

(1) The "absolute zero" of the ordinary scale is represented by 
fr = — CO. 

(2) The indeterminateness of the unit of absolute temperature is 
represented on this "first scale" by an indeterminateness in the 
position of the zero, which indeterminateness is introduced above in 
the constant of integration. Obviously if we take this constant to 
be zero (as we naturally should) d "- when T— 1. 

(3) The temperature T has been stated above (§ 28) to be 
approximately proportional to the volume v of a unit mass of gas at 
constant pressure. To this degree of approximation, 

■& =■ lozv + const.. 



(2^) -M)r'- 

The left hand side is defined (§ 13) to be the coef&cient of cubical 
expansion of the gas. Hence on the "first scale" the coefficient of 
cubical expansion of any gas would be approximately equal to unity. 



CHAPTER m. 

TRANSFORMATION OF THERMAL COEFFICIENTS. 

31. Formnlae which are independent of therm odyuamie hypo- 
theses. The various coefficients defined in Chapter I are not all 
independent, but are subject to certain relations. Some of these 
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• relations are iadependent of the First and Second Laws of thermo- 
dynamics, and it is therefore desirable to dednce them oatside 
the portion of this work which deals with the principles of thermo- 
dynamics proper. They may be described in reference to this 
characteristic as non-tkermodynamiccd formulae, by which it is to 
be nnderstood that they would still be tme even if the first and 
second laws did not exist, provided that the existence of the concepts 
heat and temperature were assumed. If Üie existence of temperatore 
be regarded as a corollary of the Second Law of Thermodynamics, 
as it should be from the theoretical aspect, these formulae will be 
to that ejctent dependent on thermodynamics. They do not asBmue 
any hypothesis as to the equivalence of heat and work. 

The conditions imposed in the definition of the thermal coefficients 
of a substance, may be now more definitely expressed by the statement 
that the small transformations under consideraiion are reversible, that 
DO changes occur in the chemical constitution of the system, and 
that the only changes which take place are those specified in the 
definitions or formulae. 

32. Case of a simple system. Of the three variables p, t;, t any 
two suffice to determine the state of a homc^eneoos fluid (taken 
as a type of a simple system); and for each such system there is 
an equation connecting these variables, of the form f(p, v, /) » 
determinable by experiment. By differentiation 



f-dp + U-d^ + %di-o. 



Hence 



' — ' g^ and two similar 



©),=- 



whence 

(25) 

and 



(26) (If),©,-!«""'"'™"" 

Again the added heat dq can he put^) in the forms 

(27) da = yM + l,dv, 

(28) dq^y^dt + lpdp ^' 
according to whether t uid v or t and p are independent variables, 
Yt, Ypy ^1 h being the specific and latent heats defined in §§ 11, 12. 
Eliminating dt from these two equations we obtain 

1} It Ib here oasomed that no "irreversible converaion of work into be&t" 
or other irceveraible pioceas is occurring in the interior of the-sabataace- 
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(29) ""- '''•T-:':"' 

so that if p and v are taken ae independent variables and if 

(30) dq = Mdv + Ndp 

the coefficients M and N are not new quantities but are given in 
terms of the previous ones by the expressions 

(31) M - -5^, N = -^^. 
^ rp-r„ Tv-fp 

Again changing the independent variables from v, t to p, t in 
(27) we obtain -, ^ 

and comparing with (38) • 

(32) y,-r. + i.T,' h~i.r„- 

The reverse transformation of (28) leads to 

(33) r.-r,+ !,|f. i.-!,|f- 

In virtue of (25, 26) the two last relations are immediately 
deducible from the previous two. 

33. For an adiabatic transformatiOD, dq = 0, giving 

dv = — Y dt, dp = — —dt 
whence denoting the corresponding differential coefficients by snf^z s 

,„ ., /'^\ _ V? _ 'z (^\ 

^^^ Uv/s rjp r, Uv/r 

and therefore with the notation of g 14, 

(35) -!? = ?£=-,, 

i. e.,the moduli of elasticity for adiabatic and isothermal transformations 
are in the ratio of the specific heats at constant pressure and volume. 
Again we have such formulae as 

34. 6>eiieralisatioii for any number of variables. The above results 
depend on the fact that if we have two independent variables the 
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relations between the small variatioiis in any qaantities dependent on 
them can be expressed in terms of the partis differential coefficients 
of these variables. Thus, taking v and ( as the independent variables 
above, the relations between the differentials dQ, dp, dv, dt are all 
expressible in terms of the partial differential coefficients -J^i -^j 
^— ) -0^1 of which the two last are denoted by l„ and y,. 

The general formulae of which these are particular consequences 
may be worked out as follows. 

Let a system be defined by n independent variables, or coordinates 
a^i, x^, . . ■ x„, the "state of the system" being known when definite 
values are assigned to these variables. 

Let di/i, d^j, , . . di/„ be variations in certain other quantities 
associated with the system, these variations being completely determined 
when the values of x■^^, «,,.., x„ and their variations dx^, dx^, . . . dx„ 
are known. The quantities dy,, dy^, . . . dtfg, need not be the perfect 
differentials of actual functions yi, y^, ■'■ -ym of the coordinates (for 
instance dQ ia thermodynamics is not the perfect differential of a 
function Q of the coordinates). 

In defining any differential coefficient say -J^ it is necessary 

that w — 1 variables shall be kept constant. The ordinary partial 

differential coefficients -^ are defined by the condition that the 
öa:, -' 

remaining » — 1 independent variables x^, x^, . . . Xn are constant, but 

it is also possible to calculate j- on the - supposition that dy^, 

dy^, . . . dy„ vanish (if there are « or more y'a), or again on the 

supposition that some of the dy and some of the dx differentials, 

M — 1 altogether in number vanish. 

If r — 1 of the differentiab dy^, . . . dym are put equal to zero, 

then « — r — 1 of the variables a:,, x^, . . . x„ must be made constant 

and the general type of differential coeMcient will be 

W«,/>,,J., ■Ir.V+l--". 

We have the following equations 









v~dxi + Y^dx^ + ■ 
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Employing the aotation of fanctional detenniiiaiLtii we obtain i 
elimination 

^^^ ä(^7^7TTr.7^ = "^^^ F— ~ — ' 

or 

(3') ®) 

and the yalne of ^ subjed to Üie same eqmUions of condition is 
evidently the reciprocal of this. 

We may also hare to find such differential coefficients as j-^ 
or ~ enbject to « — 1 equations of condition. 

Let j-i be required on the hypothesis that y^, tf^, ... y^ are 
constant and Xr-\.i . . . x„ constant, then we obtain 

^(y.. y.. ■ • ■ Vr) 
*~^«J W.^„ ,.....,, ,,,+,...., g( y.. y,. - . - y,) ' 

Again if ^ be required on the hypothesis that y^, y^, ■ ■ yr 
are kept constant and x^, ;rr4-i . ■ ■ x„ constant we get 

g(y.. y..y. — y,) 
.'r+i--'fl~ ^Cy,.y..y.. ■■■yr) 

5 (a:,, «,,«„. . .X,) 

34a. Case of two independent Tariables. The case where there 
are only two independent variables |, ti and several dependent variables 
X, y, s . . . is of so frequent occarrence in the thermodynamics of 
simple systems, that we give below the necessary formulae of trans- 
formation foe this particular case: 



(a., 






idt Tr, 
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(40d) 



(40e) 



m,- 






©.- 



©, 



H':. y) 
9(6, 1) 



d_yd_ 



dyde_ 



Of these the first three are the ordinary formalae of the diffe- 
rential calculus, and the fifth can be obtained &om the fourth by 
dividing [^) by I j^l ■ The fourth is proved geometrically in most 
books on thermodynamics as follows. 

Let S — f(x, y)> fi — fp (x, y), and consider the cnrvilinear parallelo- 
gram ABGJ) bonnded by the curves 

f{x,y) = i, fix, y) = ^ + di, (p{x, y) — ti, ip{x, y) ~ n -^ dn- 
If the CMiordinates of 
A, B,C,D are {x^ j/,) (x^y^) 
(x,y3)(xty^ we have 

^ — ^i + g^^n, 

X,^X, + ^d^ 

and the area of the paral- 
lelogram ABGD is twice 
the triangle ABD or 

-ix^-x^){y^-yj), 

that is (dxd*/ 

\d& Til 

Again if we wirfi to express say (jt) ' we notice that (jt\ d| 
ie the length of the horizontal line AK intercepted between the 
curves f{x, y) = 1 and f{x, y) = I + d|. Complete the parallelogram 
AKLB and draw Ak perpendicular on BL. 

Then 




m^i^^- 



C7 ABCB -c AKLB-AKAl. 



\n- 



lilS 



and comparing the two expressions for the area, (40d) follows at once. 
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26 ni. TRANSFORMATION OF THERMAL COEFFICIENTS. 

By applying similar methods to I ^^ > (^1 > i^\ we obtain 

35. Other illnstrations. As a further example of the mere usb 
of the Calculns, let as discuas the effect of variation of pressure on 
the temperature of masimam density of water. 

Take j) and t as independent, v as dependent variable. Then at 
the point of maximum density 

(16) |-'-0, |;?>0. 

Differentiating the first we have 

as the condition that the state p -\- dp, t + dt shall also be a state 
of maximum density. This gives for the variations of the temperature 
and pressure of maximum density the relation 

dtWp 
In virtue of (16), the denominator is equal to j 

where ßt >s the compressibility at constant temperature (§ 14) and 
Tj therefore baa the same eiga as -^■ 

It follows that the temperature of maximum density decreases 
as the pressure increases if the compressibility ß, decreases as the 
temperature increases, which is the case for water. Moreover by 

observing -^ and the relation between volume and temperature near 



the point of masimnm density, the ratio 
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CHAPTER IV. 

RECAPITULATION OF CERTAIN PRINCIPLES OF RATIONAL 
MECHANICS. 

36. Charscteristics of a Rational Dynamical System. Thermo- 
dynamics is a branch of physics which treats of certain properties of 
the Univerae which cannot be dednced from the principles of Rational 
MechanicB nithont some farther aasumption. 

Before ennnciating the fundamental axioms which may be regarded 
as the definitions of a thermodynamical Bystem, it is necessary to 
recapitulate briefly the properties which characterise the systems 
usually considered in Rational Mechanics. (Holonotnic systems,) 

Whatever views be held as to the best axioms to take as the 
foundations of dynamics we may say, for the purposes of our enquiry 
that a rational dynmnicdl system is defined by the Hamiltonian system 
of differential equations 

^ •' dt dp^ at 3q^ ~ ^'•■ 

In these equations: 

(1) The only independent variable is the time t. 

(2) There are any number (say «) of dependent variables qr called 
the position coordinates and an equal number of dependent variables 
Pr the generalised momenta or impulse coordinates of the system. 
The ^ate of the system is said to be defined when the values of t 
and the 2» variables q^ ■ . . Pr ■ ■ ■ sre known. 

(3) The expression V, which is called the energy of the system 
is a known function of the dependent variables pr . . . q^r ■ •■• 

This function is of the form XJ^L+ V where i is a homo- 
geneous quadratic function of the impulse coordinates p^, and V is 
independent of these coordinates. L is the kinetic energy and F 
the potential energy of the system. Both the coefficients in L and V 
may in general involve the position -coordinates qr in any form 
whatever, and the particular system under consideration is characterised 
by the particular forms of the functions L and V. 
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(4) The quantities P,., called the generaliBed force coordinates are 
nsaally functions of the quantities hy which the state of the system 
is defined, according to the nature of the problem. When the 
quantities Pr . . . vanish, the system is said to be isolated. 

(5) The principle of action and reaction may be regarded as 
embodied in the statement that every non-isolated system is part of 
a larger isolated system. 

The external forces Pr acting on any finite portion S of the 
universe being due to actions and reactions between this portion and 
neighbouring portions, must be derivable from the mutual energy 
of these portions and S, and by extending the system so as to 
include all those bodies which exert actions on S, the forces P^ will 
be eliminated just as the mutual actions and reactions of the particles 
of a rigid body are eliminated in forming the equations of motion by 
D'Alembert's Principle. 

37. Dyflamical and grannlar theories of the Universe. By a 
proper choice of coordinates many typical phenomena may easily be 
brought imder the scheme of the last article. We may instance the 
electric and magnetic phenomena occurring in a system of bodies 
which are either perfect conductors or perfect insulators, and in 
which no m^^netic hysteresis occurs. 

If it be possible to bring all physical phenomena under this 
scheme, then we have a dynamical theory of the Universe. 

A further simplification occurs if it be possible to reduce the 
system to a collection of isolated mass-points, devoid of rotatory 
inertia, moving in accordance with Newton's Laws, and attracting or 
repelling each other with forces which are continuous or discontinuous 
functions of the distance between them. A medium formed of such 
mass-points might be called a Newtonian or granuiar medium. The 
medium considered by Prof. Osborne Reynolds') is of this character. 
It will be seen that for such a medium, taking Xr, yr, ^r to be the 
coordinates of a grain and %r, fir, tr the corresponding impulse 
■coordinates, the expressions for the energy must assume the forms 



L^S 



l/+V + fr' 



r= ssFr. \\_ixr ~ x,y +(t,.^ y.y + (^^ ~ z.y] * } 

and if further the grains are to be alike in all respects ntr must be 
the same for all grains, and the function Fr, the same for aU pairs 
of grains. 



1) Scientific Papers vol. III. 
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38. The Principle of the Conservation of Energy. Now ever; 
system iudaded within the scheme of § 36 obeys two fandameatal 
laws, which are known as the Principles of Conservatioa of Energy, 
and Seversibäitff. 

To obtain the former, consider an isolated system, satisfying 
the equations 

äq^ du ^Pr _ 8U 

dt dp^ dt 3 q^ 

Multiplying the former by -t^> the latter by — jr-^i and summing 
for the different variables we have 

2; 5 -jT + ä -TT ) = 0, 1. e. -rr = 

\op^ dt oq^ dt J ' dt 

whence 

(45) 17= const. 
If the system is not isolated we have 

(an <ip, sn dq^\ _ dq^ 

which when integrated gives 

(46) ■ ü,-U^+sfPrdqr = (i 

or the gain of energy JJ^ — U^ in any time interval is equal to the 
external work ~ 2 j Prdqr done on the system. 

39. Localisation of Energy. The property, that the equations of 
motion of different parts of the univerBe (e. g. different bodies), which 
are not completely isolated, can be worked out independently of the 
rest by equations of the above form involving the introdaction of the 
notion of "impreseed forces", depends on the fact that the coordinates 
of an isolated system can often be divided into gronps corresponding 
in general to different bodies, A, B, C of the system, but not excluding 
from the inveBtigation different portious of the ether when such are 
taken into account, these groups being usually characterised by the 
following properties: 

(1) The kinetic energy usually takes the form 

(47) T=^T^+Ts+Tc 

where T^ is the kinetic energy of A or kinetic energy located in A, 
and depends on the position and velocity coordinates of A and not 
on those of the other parts B, C, . . . This not necessarily true in 
dealing with electric phenomena, where we may have to take accoont 
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of mutual kmetic energy. In the ease of the mnttial mdaction of 
two circuits we have an instance in point and the equations of 
motion of the two circuits are interdependent and cannot be separated. 

We shall assume such exceptional cases exduded where they mould 
invcäidate our arguments. 

(2) The potential energy takes the form 

(48) F^+F^^+y^ + ... 

where F^ is the potential enei^ located in A V^b the matnal 
potential enei^ of A and B. 

Taking q_i, ^s, ... to be types of the coordinates of the parts 
A, B, . . ., then in any change 

(49) i^ig^-dF^ 

is the increase in the potential energy of A, and is a complete 
differential, V^ being a fimction of the coordinates j^. 

■ 9F.„ 

(50) 2-^dqA=dWA 

is the estemal work done by the body against the external forces 
which are given by the type 

In the case of two bodies in contact the actions and reactions 
are equal and opposite, and in any motion the displacements of their 
points of application are equal. In such cases as this the works done 
on the bodies are eqnal and opposite eo that 

(52) S-^diA + 'S-^dia'- dWA+dWs- 0. 
In other cases as where actione at a distance occur 

(62.) £-^dq^+2:-^dq,-dr^, 

gives the increase of mutual potential enei^ of the two A, B bodies, 
and this is eqnal to the algebraic sum of the works done by the bodies. 

This mutual potential energy may be regarded as located in the 
medium by which the forces are transmitted from one body to the 
other. With this assumption all energy may be regarded as located 
eOher in separate bodies or in the eiher. 

By the intrinsic energy of the body A is meant only the kinetic 
and potential energy located in A, that is Ua, where 

(53) Ua^Ta+Va. 
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The principle of conservatioE of energy may now be written 
(54) dUA+dWA=0 

or the decrease of intrinaie eDei^ is equal to the work done by the body. 



40. Reversibility. In the next place the motions of a dynamical 
system possess an important peculiarity which is expressed by saying 
that they are perfectly reyersible. 

We may. illustrate the meaning 
of reversibility by considering the 
motion of a projectile under gravity t^ 
alone. Let a body be projected 
from Ä with velocity fT at an ele- 
vation a, and in any time T suppose 
it to describe the arc AB, arriving 
at B with velocity V making an 
angle ß with the horizon. ' Then we 
know that if the body is projected ^ 
from iß with a equal velocity V in 
the opposite direction it wül retrace 
its steps over the same parabola, 
and will after a further interval T 
return to A with a velocity Ü equal 
and opposite to the original velocity 
of projection. We may therefore 
say that the parabolic motion of a 
projectile is reversible, meaning that 
corresponding to any motion, which 
we may call a direct motion, a re- 
versed motion is possible in which '^ 
the projectile retraces its steps, *''«■ '■ 

describing the same path backwards, 

takii^ the same time over the same arc, and passing through the 
same points with equal and opposite velocity. 

On the other hand the motion of a projectile in a resisting * 
medium is irreversible. Thus if in the direct motion the medium 
exerts a retardation proportional to the square of the velocity, a 
reversed motion which is an exact counterpart of the direct motion 
could only be obtained by postulating an acceleration proportional to 
the square of the velocity, whereas in reality a retardation would 
again be exerted by the medium. 

If the differential equations of motion of a system be expressed 
in terms of the position coordinates only as dependent variables, the 
motions which they determine will be perfectly reversible if the 

BBVAN, Tbermodjnimici. 
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equations of motion are unaltered by writing — dt for dt, that is if 
they only involve even powers of dt m the differential coefficients. 
Thus motions uniquely determined by the differential equations in x 

(55) ^ + „(l|)'+s^-0 
are reversible, while those determined by 

(56) . ■■'2± + af,+i.-0 

are irreversible.^) 

The equations of rational mechanics always represent reversible 
motions, provided that (1) the kinetic energy is a homogeneous 
quadratic function of the velocity or impulse coordinates and (2) that 
the external forces are functions of the position coordinates only. 
To prove this it is most convenient to take the equations in the 
Lagrangian form 



d /dL\ _ 

dt \dqj 



Sq, 



41. Physical nnreality of reversible processes. In Nature all 
phenomena are irreversible in a greater or less degree. The motions 
of the celestial bodies afford the closest approximations to reversible 
motions, but motions which occur on this earth are largely retarded 
by friction, viscosity, electric and other resistances, and if the relative 
velocities of the moving bodies were reversed, these resistances would 
still retard the relative motions and would not accelerate them as 
they should do if the motions were perfectly reversible. 

Irreversibility may be either statistical or actual. If the molecules 
of a body form a rational dynamical system satisfying the conditions 
of § 36, the changes which täte place would be perfectly reversible, 
if in reversal, the velocity of every molecule of the system were 
reversed. As however it is impossible to control the motions of 
individnal molecules, the phenomena which can be observed in such 
a system by means which we are able to command may take the 
form of irreversible effects. In auch a case the system is statistically 
ii-reversible. On the other band if the motions of the ultimate parts 
of the system (atoms or molecules) are themselves irreversible we 

1) When -J-- is positive equation (65) repreaenta the motion of a particle 
under a force to tbe origin varying as the distance, subject to a retardation 
varjing as the square of the velocity. But in a resisting medium the motion is 
not uniqmly defined h; equation 66 for as soon as the volocitj becomes negative 
the equation of motion is changed to 
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h&ve a case of actual irreversibility, and tbe chaages in the syatem 
can no loDger be represented by asBuming the conditioiiB of § 36. 

The hypotheses that not only are the phenomena of natore only 
statietically irreversible but that the universe is a rationid dynamical 
system with the properties of § 36 are confirmed by many results 
of the Kinetic Theory of Gases. But whether the reversibility is 
actual or statistical, a dynamical scheme which takes account of motions 
of individual molecules is far too elaborate and minute to be employed 
in all practical calculations relating to the phenomena observed in 
nature as irreversible. It therefore becomes necessary to formulate 
a new scheme, and the simplest way of doing this is by the introduction 
of additional variables not conforming to all the conditions of § 36. 

42. Available Energy. K a system is statistically irreversible in 
the sense here considered, and its ultimate parts conform to the 
properties of § 36, the system will satisfy the Principle of Conservation 
of Energy, so that as loi^ as no energy is supplied to the system 
from wiÜiout the total energy will remain constant. But only a 
limited portion of this enei^y will be capable of beii^; utilised for 
conversion into mechanical work. For in order to utilise the whole 
of the kinetic energy of the molecules, it would be necessary to reduce 
each molecule individually to rest. The impulses which would have 
to he applied to the molecules would be exactly half those necessary 
to reverse the motions of the system. The process is impossible 
in reality. Maxwell however gave the name demon to a hypothetical 
agent capable of controlling the motions of individual molecules, and 
with this nomenclature, statistical irreversibility consists in the property 
that "Maxwell's demons" esist only in imagination and not in rwility. 

We are thus led to the conclusion that under any given conditions 
only a limited portion of the energy of a system can be converted 
into mechanical work. This portion is called the available energy of 
the system subject to the given conditions. In order, however, to 
completely define the available energy of a system, it is necessary 
to specify not only the external conditions to which the system is 
subject, but also the means at our disposal for converting energy 
into useful work. 

43. A parallel in mechanics. Owing to the Earth's rotation 

about its axis and its orbital motion about the Sun, the Earth 
possesses an enormous store of unavailable energy. The only mechanical 
. energy which is available, is that depending on the relative displacements 
and motions of bodies on the Earth's surface. It is in general im- 
possible to influence the Earth's motions as a whole, for this would 
necessitate producing equal and opposite reactions on some other body. 
Hence it is impossible to draw on the store of energy contained in 
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these motions. An exception occnrs in the case of the tides which 
are produced by action and reaction between the £arth and the Moon 
and Sun, and which ma; to some extent be utilised for driving 
machinery in suitable places. . 

Generally (a) if one imagines an isolated system of bodies moving 
freely through space with a common uniform velocity, the mechanical 
energy which ie available without going outside the system is zero, 
but if the parts of the system are in relative motion among them- 
selves the available energy will be the amount of work that can be 
obtained by reducii^ the system to a state of uniform translation 
combined with rotation in a configuration of stable relative equilibrium*) 
without altering its linear and angular momenta. 

On the other hand (b) if a system is in the presence of a very 
large uniformly moving body or base such as the earth, its available 
mechanical energy is the amount of work that can be produced in 
making its velocity the same as that of the large body. 

Ciues (a) and (b) have their parallels in thermodynamics in the 
cases of an isolated system of unequally heated bodies and of a 
system in the presence of a large body of uniform temperature, as 
we shall see later. But the problems are essentially distinct and in 
Thermodynamics, we shall not as a mle find it necessary to take 
account of the unavailable mechanical energy considered in this article. 

44. Dependence of available energy on external coDditions. In . 
the dynamical illustration of the preceding paragraph it will be seen 
that the available energy of the system depends not only on the actual 
state of the system, but also on the external conditioas to which 
the system is subjected. Thus if the system is moving with velocity 
V in the presence of a base moving with the same velocity, none of 
the kinetic energy of the system is available for conversion into 
work, and the only energy which is available is the potential energy. 
The total available energy is therefore a minimum. On the other 
hand a system at rest may become a source of available energy when 
brought iuto the presence of a moving base and the amount of this 
available energy (apart from any potential energy due to the mutual 
actions of the body and base) is easily seen to be -^m V* where m 
is the mass of the system. 

Lastly, if we have two bases movii^; with different velocities it 
is possible to generate work indefinitely by bringing a third body 
alternately under the infiuence of the two bases. 



1) If the configuration of stable relative equilibrium la not uniqnely 
determined b; the momenta, that configuration must be selected which has the 
least energy. 
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The thermo dynamical analogueB of these properties, which will 
be discussed more fuUj later, are that if a body is surronnded by a 
medium at temperature T the total arailable energy is a minimum 
when the temperature of the body is T; that a cold body may 
become a source of available enei^ in the presence of a hotter one, 
and that work may be generated indefinitely by bringing a body 
alternately into the presence of a hotter and colder medium, as in 
Carnot'e cycle 

45. Another illnstration. A. mass of gas can do work by 
expanding and it therefore possesses energy which in the process of 
espaosion is converted into work. But if the gas is surrounded by 
a medium at constant pressure the only available energy is the work 
which would be done by the gas in expanding till its pressure is 
equal to that of the medium. Again, a vacuum or a region containing 
gas at a lower pressure would become a source of available energy 
in the presence of such a medium. Lastly for several gases surrounded 
by a closed envelope the available energy would be the work done 
in expanding till the pressure was uniform throughout the interior 
of the envelope. [We may suppose for the sake of simphcity that 
the pressures of the gases are functions of their volumes only and 
that the temperature is everywhere constant. This assumption 
enables us to omit temperature altogether from our equations and 
consider the phenomena in their purely dynamical aspect,] 

46. Differential elements. In studying the dynamical properties 
of extended distributions of matter, the conception of a differential 
element is frequently introduced. Thus, in order to define the density 
of a substance, when variable, we take a volume -element (dxdydz) 
enclosing any point {x, y, z) of the substance, then if the mass of 
this element is Qdxdydz and the dimensions of the element are 
suitably chosen, q will represent the density of the body at the 
point {x, y, z). Similarly in defining prwsure of a fluid at a point, 
we take a plane surface- element dS containing the point and suppose 
the thrust on it is pdS, then if the dimensions of the element are 
suitably chosen, p will be the pressure at the point. 

The difficulty in these definitions arises from the fact that 
mathematical theory requires the element iu either caae to be infinitely 
small while physical considerations require it to be infinitely great. 
It is only by taking the element infiniteiy small compared with the 
dimensions whose measurements we are considering that the methods 
of the differential and integral calculus become strictly applicable, and. 
that the measures of density and pressure tend to approach limits 
which are independent of the size of the elements of volume and area. 
On the other hand if matter is made up of molecules, density and 
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preBsore bave no meaning as applied to elements of molecalar 
dimensionB, and it is only by taking the respective elements infinitely 
large compared witli the corresponding spaces occnpied by individual 
molecules that the measures of these quantities become independent 
of the effects of individual molecnles. 

The property that infinitesimal analysis can be applied to the 
solution of many problems in dynamics or other branches of Mathe- 
matical physics, involving space distribntions of matter, is ex^dained 
by the extreme smaUness of the space occupied by each individual 
molecule in comparison with bodies which are regarS as "of finite 
size". This amallneas is illustrated by the fact that in a cubic 
centimetre of gas there are abont 5.4 x; 10^^ molecules. It is there- 
fore possible to choose an element of length, area, or vriume so small 
that it may regarded as infinitesimal for purposes of analysis and yet 
BO large in comparison- with molecular dimensions that its structure 
may be treated as homogeneous instead of molectilar. 

Such an element we shall define to be a "differential element" 
of volume, mass, area or length as the case may be.') We notice 
that similar considerations also lead to the conception and definition 
of a differential element of time, which shall be small compared with 
the times (such as a second) during which finite motions of finite 
bodies take place, and large compared with the time intervals defined 
by the motions of individual molecules. 

The difference between thermodynamics and the kinetic theory 
(statistical mechanics), is that the former branch of study seeks to 
investigate certain properties of matter in terms of their effects 
considered with respect to differential elements of time and space as 
a whole, while the latter seeks to investigate the progress of events 
within these individual elements themselves. 



CHAPTER V. 

GENERALISED CONCEPTIONS OF ENERGY. 
IRRKVERSIBILITY. 

47. The notion of energy in its most general aspect. From 
considerations such as those briefly indicated in the last chapter, it 
can be seen that the principles of rational mechanics (at any rate 
apart &om statistical methods) can be only applied to explain pheno- 
mena that are both conservaiive and revisible. 



1) The term phyaicallp small has also been suggested for Eiiich elements 
is uaed by LeaAem, "Volume and Surface Integrals used in Physics", p. 5. 
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In order to deal with irreversible phenomena 0xä in particular 
with the class of phenomena falling imder tfl|head of thermo- 
dynamics, it is necessary in the first place to mtroduce a broader 
and more general conception of energy than suffices for the study 
of the particnlar class of phenomena included under Kational Dynamics. - 

The following statements may be regarded in the light partly of 
a definition of energy, and partly of an enunciation of its properties 
which are assumed as fundamental. / / 

There is a certain entity caUed energy which is characterised hy 
the following properties: 

(1) In an isdated system the total quantity of this eiiiity always 
remains constant. 

(2) The energy of a system carmot he changed tcithoui some real 
, physical changes taking place in the state of the system. 

, (3) The kinetic and potential energies of dynamics are particular 
forms of this entity. 

The first statement is the Principle of Conservation of Energy, 
and it leads to the following conclusions. 

If the energy of a finite non- isolated system or part of a 
system changes in amount, then changes of equal but opposite amount 
must occur somewhere outside the system or part considered, so as 
to make the total amount unaltered. 

Accordii^ to (2) if the physical state of a system is completely 
defined by certain variables, the energy is a function of those variables 
only, and does not depend on the past history of the system previous 
to attaining the state in question. 

On the other hand, if the state of the system is defined eo far 
!)s certain physical phenomena are concerned by certain variables, 
and we have evidence, from the existence of irreversible phenomena, 
or from any other cause, that energy changes have occurred in the 
system which are independent of the changes of these variables, we 
infer that the variables originally assumed are not sufficient to 
completely determine the physical state of the system, but that this 
state depends on some other variables as well. 

4$. Observations. In connection with the above statements we 
notice the following points: 

(1) The energy of an isolated system is not the only quantity 
which remains constant. The components of momentum also remain 
constant, but the energy is the only quantity which possesses the 
property of being wholly or partially transformable into the forms 
of enei^ defined in Dynamics. 

(2) As it is impossible to conceive or realise a state of eero 
energy, it is necessary to include an unknown constant in the expression 
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for the energy. Bat this constant, tboogli unknown, is perfectly 
definite and onohanging in Talue, and thus the principle of conservation 
of enei^y is not made leas definite by its preeenee. 

(3) Under the general term physical state of a system, we include 
saeh data as the poeitions of its parts, its state of reet or motion, 
the chemical constitutions of the varions parts of the system, its 
state of electrification and magnetisation, its state of stress or strain 
and other properties. We establish Thermodynamics on a footing 
independent of preconceived notions as to beat by assomiug that 
the list of variables by which the state of the system was defined, Lu 
the first instance, excladed all reference to the phenomena of heat 
and temperature, under such' circumstances experience shows that 
phenomena occur indicating changes of enei^ which are independent 
of the variables originally postulated. We conclude that the original 
choice of variables was not snfficient to completely specify the 
physical state of the system. It then becomes the object of Thermo- 
dynamics to investigate the additional changes of physical state 
postulated by experience, and to discuss their representation by a 
suitable choice of variables and formulae. 

49. Irreversibility. If a system passes from a state ^ to a 
state B the change is said to be irreversible when the system cannot 
pass of itself back from the state JB to the state A, and can only be 
made to do so by the action of outside influences. 

In connection with irreversible phenomena the following axioms 
have to be assumed. 

, (1) If a system can undergo an irreversible change it will do so. 
' (2) A perfectly reversible change carmot take place of iisdf; sudi 
a change can only he regarded as ike limiting form of an irreversible 
change. 

We shall call a transformation positive, when that transformation 
tentk to take place of itself; the reverse transformation will then he 
negative, so that a negative transformation cannot take place of itself. 

8ince the total quantity of energy is by hypothesis constant, 
any change which occurs and which involves energy may be regarded 
as implying a transformation of energy from one form to another. 
If then a system undergoes an irreversible transformation from the 
state A to the state S this enei^y of the system is necessarily less 
capable of being transformed into other forms of energy in the final 
state than it was in the initial state. 

For every state C of the system which can be reached by 
starting from the state B can also be reached by starting from the 
state A and passing through the state S. On the other hand, if in 
passing from A to B hj any irreversible process, the system passes 
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through any intermediate state D, the state D can be reached by 
starting from A, bat can not be reached by starting from the state B. 
If then we use the term avaüabüiiy to designate the extent to' 
which the energy of any given system in any given stete is capable 
of being transformed into other forms of ene^y, we may regard it 
as a self evident tmth that in any trrev^sible ü-ansformatüm there is 
a loss of 



50. Compensating transformations. When a transformation AB 
of a given system S is in itself irreversible and therefore positive, 
the reverse or negative transformation BA can neverfbeless {sometimes 
at any rate) be made to take place by the introduction of a com- 
pensating transforma^on. The meaning of this will be made clearer 
by considering in the firet instance the simple mechanical illustration 
of two weights connected by a pulley in such a way that when one 
rises the other falls. Each weight tends to faU to the ground but 
it can only do so by raising the other weight. The weight which 
preponderates will raise the other. If neither weight preponderates, 
there will be equilibrium, and a slight disturbance one way or the 
other will determine the direction in which the system moves. 

Now let 2; be a second system capable of performing a positive 
transformation CD, and let the systems be combined together in such 
a way that the positive transformation CD can only take place 
simnltaneonsly with the negative trausformation BA and vice versa. 
Then if the two simultaneous transformations BA, CD taken as a 
whole constitnte a positive transformation, this transformation will, 
if it can, take place of itself by axiom (1) above, and will be irre- 
versible; if the combined transformation is negative the reverse trans- 
formation will, if it can, take place of itself, and the system £ wiU 
undergo the negative transformation DC while 8 undergoes the 
positive transformation AB. la. the limiting case when the opposite 
tendencies of the systems exactly balance each other, there will be 
no tendency for the combined system to undergo transformation in 
one direction more than the other, and a transformation in either 
direction will be perfectly reversible. In this case a positive trans- 
formation of one system is said to be comp^isated by a negative 
transformation of the other. 

In reality this limiting case can never be actually realised 
because loss of availability must necessarily take place in the connections 
by which the two systems are bound together, or elsewhere. 
We may exemplify this point if we think of the mechanical illu- 
stration of two equal weights hanging by a string passing over a 
rough pulley. Although the weights theoretically balance one another 
a considerable effort must be made to overcome friction in order 
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to tnove tke system io either direction. Again, in order that the 
Bystem may move of itself, the descending weight mast exceed the 
ascending one by an amoont depending on the friction of the pulley. 
Still, if one irreversible physical phenomenon can be reversed by 
eonpling it with a different irreversible phenomenon, we know that 
tiie irreversibility is comparable in the two phenomena, and that it 
is at least theoretically possible to adjust the mi^itndes of the two 
changes in snch a way as to make them compensate each other. In 
this case we may say that in both trauBformations the irreversibilities 
are of the same hind or convertible. 

51. Availability measBred in terms of energy. When a uomber 
of irreversible transformations are of the same kind, it is possible to 
make quantitative comparisons of their irreversibility or loss of 
availabUity by choosing as the compensating transformations, changes 
in which energy is transformed from one particular form to another 
leBS available form, the initial and final forms being the same in 
each case. The quantity of energy so transformed in the transformation 
required to compensate any given irreversible transformation will 
then afford a nnmerical measure of the irreversible changes connected 
with the given transformation. We may thug replace the words 
"loss of availability" by the more precise wording "quantity of 
available energy lost". In order to make this measure a definite one 
it is necessary to specify what is meant by avaHaUe energy, i. e,, 
when energy is available and when it is not, and this necessarily 
depends on the assumed conditions under which energy is trans- 
formable from one form to another. 

There is of course no a priori reason for asserting that all the 
irreversible phenomena of the Universe are of the same kind, as it 
is possible to conceive transformations which bear no relation whatever 
to each other. K snch exist, they must be discussed separately, and 
cannot he made the subject of quantitative mathematical investigations 
common to them. It must he regarded as the resnlt of experience 
and not as a self-evident truth that a very large class of actual 
physical and chemical phenomena lend themselves to investigation by 
the methods described in this book. 

52. Availability of known forms of energy a matter of experience. 
We now see that the Principle of Irreversibility as applied to energy 
phenomena, naturally leads to the conceptions of availability, and of 
available energy, provided that these conceptions are defined exclusively 
with reference to the power of transforming energy from one form 
to another. In order to build up a theory which will account for 
the irreversible phenomena of our universe, it is necessary to appeal 
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to experience when we attempt to identify the BTsilable energy thus 
defined with different forms of energy with which we are familiar. 
We are thue led to asBnme the following axiom which may be 
regarded as the simplest form of tiie Second Law of Thermodynamics: 

Energy in tJte form of meekanieal work is always wholly convertible 
into any oOier forms of energy to whidi the present theory is applicable, 
hut the converse processes are not in genial possible. 

From this axiom, it may be seen that: 

The available energy of a system subject to given external conditions 
is the maa^mum amount of mechanical work theoretically derivable from 
the system without violating the given conditions. 

We may regard this statement coupled with the statement that: 

In aU irreversible transformations available energy is lost, never 
gained 

as constitating a fimdamental law of nature which we shall call the 
Principle of Degradation of Enei^, Either of the two statements 
may be regarded as a definition of available enei^, and the other 
statement will then be an axiom based on experience. 

The necessity of the appeal to experience is manifest from the 
following considerations: If in oor Universe events occnr in a certain 
definite sequence, it is possible to conceive a universe in which events 
occur in the opposite sequence, by merely reversing the scale of 
time. Id such a universe the transformations of energy would be 
exactly the opposite to those of which we have experience, and the 
forms of energy which are least capable of being converted into other 
forms in our Universe would become the most convertible. In stating 
this it is assumed that the individuals living in either universe possess 
the power of inöuenciog the progress only of future events and 
possess a knowledge only of past events. This assumption is impli- 
citly involved in all our ideas relating to irreversibility, 

53. Theoretical and praetieal limitations to conversion of enei^y. 
In practice a system may often possess a considerable amoimt of 
enei^ which is easily recognisable as mechanical, potential or kinetic 
energy, although it would be very difficult to devise mechanisms for 
employing this energy to drive machinery. Thus when a ship goee 
through the water a large amount of energy is expended in setting 
up waves and vortices and is still recognisable as mechanical energy, 
although it is practically impossible to recover this energy or to 
apply it to a useful purpose. Energy of vibration or of sound waves 
maybe taken as another instance. There is thus an apparent difficulty. 
in drawing the line between energy which is, and energy which is not 
directly convertible into mechanical work. To overcome this difficulty 
it will probably be at least sufficient for our present purpose to 
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i^ree to classify ander the title mechanical energy all those forms of 
energy which occur in the study of reversible rational mechanics. 
This would inclnde the energy of wave motion and vortex motion 
referred to above; since these forms of energy ocear in the reversible 
dynamics of a perfect fluid. They become associated with irre- 
versibility when the fluid is assumed to he viscotts, and then the 
effect of viscosity is to absorb, or rather convert them into less 
available forms in accordance with the principle of degradation of 
energy. Again if we introdnce the conception of differential elements 
as introduced in § 46 the energies due to the motions of such 
elements as a whole, and to strains in the elements which in the 
limit may be regarded as homogeneous, will all be of the nature of 
mechanical energy. 

In most problems in thermodynamics we are able to assume 
that such forms of energy as those of wave motion or vibration 
have been transformed, and that the mechanical energy of the systems 
is either due to simple homogeneous strains, or is, at any rate, a 
function of a small number of independent variables. In such cases 
it is easy to draw the line between the energy which is and that 
which is not wholly available. 

54. Qualitative natnpe of irreversible thermodyuamics. The 
principle of degradation of energy merely deals with the diredion in 
which energy transformation tends to take place and makes no 
statement as to the rate at which the change proceeds. The study 
of the rates of change is necessarily based on experiment; no 
general laws can foe enunciated, and each transformation has to be 
studied in detail as in the theories of friction, viscosity, conduction 
of heat, law of electric resistance, and other phenomena. Hence 
irreversible thermodynamics is in general a purely qualitative and 
not quantitative study, and its phenomena are represented by inequalities, 
not equations. When, however, we pass to the study of reversible 
processes by treating them as the limit of irreversible ones, the 
inequalities of irreversible thermodynamics become equalities and the 
results become quantitative. The same is the case, frequently, when 
we consider the ultimate distribution of energy in a system that has 
been left for such a long time that no further irreversible changes 
can occur. 
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CHAPTER YL 

THE CHARACTERISTICS OF A THERMODYNAMICAL SYSTEM. 
THE NOTION OP TEMPERATURE. 

55. Characteristics of a thermodynamical system. We are now 
led to the eonsideration of conservative and irreversible systems in 
which degradation of energy takes place in such a way as to diminish 
the amount of energy ntiliaable in the form of mechanical work, 
Even this statement allows considerable latitnde iu regard to the 
general character of the phenomena occurring in snch systems, and 
further assnmptions are necessary in order that the system should 
reproduce the effeats observed in the experimental study of heat. 

At the outset we shall confine our attention to endeavouring 
to account for such irreversible processes as might be conveniently 
characterised as "thermo-mechanical" phenomena. By this we exclude 
all chemical actions for the present, and indeed until Chapter XV, 
where such actions are treated for the first time. Moreover, we limit 
ourselves untü Chapter X to discussing energy changes in a system 
of material bodies. By this we do not exclude the possibility of 
enei^y passing by radiation from one body to the other, but we assume 
that the bodies are bo near together that the passage may be regarded 
as instantaneous, and the quantity of energy in transit in the inter- 
vening ether may be neglected. 

We commence by supposing the system divided into differential 
elements of mass dm occupying differential elements of volume 
dxdyds subject to the conventions contained in the definitions 
of § 46. 

There are two methods in which degradation of available energy 
may take place in the system: 

(a) by changes which take place entirely within the mass-elements 
{dm) without enei^ being transformed from one element to another; 

(b) by changes in which energy passes from one mass-element 
to another, or more generally from any portion of the system to the 
other, where such changes cause a decrease of the total amount of 
available energy. 

Now there are certain processes in Nature, such as the frjctioh 
of fluids, in which available energy is absorbed according to method 
{a) within the volume elements themselves. Such processes are 
commonly spoken of in text books on Theoretical Mechanics as non- 
conservative. They can be equally well explained, as is indeed generally 
done in these books, by restricting the term "energy" to dynamical 
energy, kinetic and potential. In this case it is commonly stated 
that "energy is lost" in the system, meaning that "available energy 
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is lost", and the phenomena occurriag in the system can often, be 
adeqnately diecassed without making eaqniries as to what becomes 
of this lost energy. 

If energy were unable to pass from one portion of a system to 
another otherwise than by the performance of mechanical work, only 
the available energy could be so transferred, and any enei^ rendered 
unavailable by irreversible cbanges in an element would remain 
permanently locked up in that element. If the unavailable energy 
thus accomnlated were not to affect the physical properties of the 
element, this energy wonld be completely lost, and we should have 
no evidence of its existence or of the trath of the principle of 
conservation of energy. On the other hand if the accumulated 
unavailable energy were to affect the physical state of the element, 
we should have a state of af&irs in which the properties • of all 
bodies were continuously changing and no body could ever be brought 
back to its initial state by any external ^ency whatever. Such a 
condition of affairs is contrary to our experience. 

We are thus led to postulate a system in which energy can pass 
from one element to another otherwise Hian by the performance of 
mechanical work. 

56. Still confining ourselves to the consideration of purely 
hypothetical systems, it is again possible to postulate any one of 
the following assumptions with regard to this assumed transference 
of energy. 

(1) The whole of the energy so transferred is, under all conditious, 
unavailable for transformation into mechanical work. 

or (2) The transferred energy is partly available and partly unavailable, 
but the transference does not alter the quantity of available energy 
present in the system as a whole. 

or (3) The transference of energy tends, in genera], to decrease the 
total quantity of available energy present in the system. 

If assumption (1) be made, tiie transferred energy can be die- ■ 
regarded in considering the progress of dynamical events in the 
system, and the dynamical phenomena will be identical with those 
of a non-conservative system such as is considered above. 

If assumption (2) be made, the available and unavailable portions 
of the transferred energy may be considered separately. The trans- 
ferences of the available portions may, by a proper choice of coor- 
dinates, be represented by the equations of rational dynamics, in 
which case the transferred ener^ assumes the form of work done 
by the variation of the coordinates so chosen, and if the unavailable 
energy be neglected, we are left with a system which is again equivalent 
to the same non- conservative system as before. 
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Ib therraodjmsmics we shall find an illoetration of this very 
point. So long as only reversible transformations are considered we 
shall find that the equations of thermodynamics are identical in form 
with the equations of dynamics with the addition of an extra position 
coordinate (the entropy) and its corresponding generalised force 
coordinate (the temperature). 

We are thus led to adopt assumption (3) as the simplest charac- 
teristic feature of a system which cannot be better represented by 
the equations of non- conservative dynamics. 

57. We accordingly define a thermodi/namkal system ae one 
possessing the following properties distinguishing it from the systems 
considered in rational mechanics. 

(1) Its energy is not a function of the position coordinates and 
the corresponding generalised velocity components alone, but is capable 
of undergoing independent variations. 

(2) These variations consist in transferences of energy between 
different parts of the system or between the system and other systems, 
in conformity with the principle of conservation of enei^. 

(3) These transferences of eneigy are distioguished from those 
considered in rational dynamics, in that they are in general accompanied 
by a loss of available energy, and are therefore in general, by the 
principle of degradation of energy, irreversible. In the systems of 
rational dynamics all energy is available and all transformations are 
reversible. 

(4) As in § 39, the total energy may be expressed as a sum of 
terms representing respectively the parts of the energy which are 
located in different bodies and in the ether. 

58. ftnantity of Heat Deflnitioii. When energy flows from one 
system or part of a system to another otherwise than by the perform- 
ance of mechanical work, the enei^y so transferred in called heat 

If the energy of a body increases hy dU while the body at the 
same time performs external mechanical work of amount dW, the 
body is said to receive a quantity of heat dQ, defined by the relation 
(57) dQ = dU-\-dW. 

This relation thus affords a definition of the quantity of heat 
absorbed or emitted by a body. It is to be observed that we cannot 
speak of the quantity of heat contained in the body. 

For if the body undergoes a cyclic transformation so that its 
initial and final states are identical it must have the same enei^ at 
the end as at the beginning. But it does not necessarily follow that 
the algebraic sums of quantities of heat absorbed and of work done 
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by the body are each separately zero. What we do leani by mtegration 
of (57) IB that since the total enei^ is the same at the end as at the 
beginniog [i, e. Bioee (J')dU=0] therefore 

(68) {f)dQ-(f)dW 

or the total quantity of heat absorbed is eqtial to the total quantity 
of work done in the cycle, the sign (f) indicating int^ratiou taken 
round a complete cycle. If we were to imagine the body at every 
instant to contain a definite quantity of heat, this quantity would be 
greater at the end than at the beginning of the cycle by an amount 
(j)dQ, and either it would be implied that there was some difference 
between the initial and final states — such difference being contrary 
to the definition of a cycle, — or the statement would be meaning 
less. The other alternative, that of assuming that a cycle could only 
exist in which {J)<iQ and {f)dW were both zero would imply an 
independence of heat enei^ and work energy, which is not only 
contrary to experience, but which would fail to account for degradation 
of the latter form of energy. 

If, instead, we consider a change of the system from a state A 
to a state B, and let Ua and Us denote the energy of the system 
in the two states, we have 



(69) 



U,-Uj-JdQ-fdW. 



From what has been said above it follows too that dQ and dW 
are not themselves perfect differentials but that their difference 
dQ~dWis a perfect differential of the function f/^ which is the 
energy of the system. 

59. When two bodies act therm ically on one another the 
quantities of heat gained by one and lost by the other are not 
necessarily equal. 

In the case of bodies at a distance, heat may be taken &om or 
given to the intervening medium. 

The quantity of heat received by any portion of the ether may 
be defined in the same way as that received by a material body. 

Another important exception occurs when sliding takes place 
between two rough bodies in contact. The algebraic sum of the 
works done is different from zero, because, although the action and 
reaction are equal and opposite the velocities of the parts of the 
bodies in contact are different. Moreover, the work lost in the process 
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does not increase the mutual potential energy of the system and there 
is no intervening medium between the bodies. Unless then the lost 
energy can be acconnted for in other ways, (as when friction produces 
electrification), it follows from the principle of Conservation of Energy 
that the algebraic sum of the quantities of heat gained by the two 
bodies is equal to the quantity of work lost by friction. From the 
observed result of experience that friction tends to decrease the 
relative velocity of the moving parts we can easily prove that this 
total quantity of heat gained is positive. This result is in accordance 
with the principle of Degradation of Energy, although it is not a 
necessary consequence of that principle."-) 

60. Condition of internal Iieat equilibrium. It follows from the 
principle of degradation of energy, that any body or system subjected 
to given external conditions will tend to assume aa equilibrium state 
in which the available energy is a minimum for all virtual variations 
of the distribution of energy in the system such as could be produced 
bj heat passing from one mass -element of the system to another, 
without violating the given external conditions. When this is the 
case, the system may be said to be in thermal equilibrium or thermi- 
caUy homogeneous. 

The state of such a system can then only be varied either (a) 
by imparting enei^ in the form of heat to the system as a whole, 
in which case the system will tend to assume a new equilibrium 
distribution, or (&) by variations iu the generalised coordinates defining 
the dynamical state of the system. 

It follows that if the state of a thermically homogeneous system 
is defined by « variables or generalised coordinates for changes which 
involve no transmission of heat to or from the system as a whole, 
then, when such transmissions of heat are taken into account, « + 1 
variables will be required to define the state of the system. Since 
the pass^e of heat to or from the body involves gain or loss of 
energy, we may, in the first instance, choose these n + X variables 
to be the energy XJ and the generalised position -coordinates of the 
system. 

A transformation in which no heat is gained or lost is called 
an adiahatic transformation (cf. § 5). Ji Xi, x^, . . . x„ are the gene- 
ralised position- coordinates, X,, X^, . . . X„ the corresponding gene- 

1) Conceive a hot bodj placed in contact with a cold one and slipping^ on 
it. There ia nothing coutratj to the principles of thermodjnamicB in imagining 
that as heat passes from the hot bod; to the cold one, a certain proportion of 
heat might be absorbed at the common surface and employed in increamui the 
relative velocity of the sliding parts. Hence the appeal to experience cannot 
be dispensed with. 
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ralised force-coordinates, it follows that adiabatie trausformationB are 
given by the differential eqaation 

(60) äU=2Xdx 

connecting the « + 1 independent variables JJ, x^, a:,, . . . Xn. 

In the case of a bomogeneouB fluid substance (taken as a type 
of a simple system) the state will be completely defined either by 
the total volume V and energy TJ or by the volume and energy of 
unit mass, which we shall call v, u. If p is the pressure, and we 
adopt the former alternative, then since 

(61) dU-dQ-pdV 

(^2) ^ --(§!)„.. 

Hence p is known when J], V are known, and conversely, the 
state of the system is in general known when p and JJ are known. 
For such a system the state may be completely defined by the variables 
p and V OT p and v instead of V and F or w and v. By the new 
choice of variables, the transformations can be represented by an 
indicator di^p^m as is explained in § 8. 

61. The Second Law of ThermodynamiCB. Let M and IS be two 
independent thermically homogeneous systems. If the states of these 
systems are such that their total available energy is decreased by 
the pass^e of a small quantity of heat from M to N, it follows at 
once from the principle of degradation of energy: 

(1) &t€d heat tviU, if it can, ßow of itsdf from M to N, 

(2) thai heat cannot he made to pass from N to M without supplying 
avaüalile energy from without. 

If we define one system as being hott&- or colder than another, 
according as the available energy of the two is decreased or in- 
creased by transporting a small quantity of heat from the first to 
the second, statement (6) is identical with the usual statement of the 
second law which asserts that heat cannot pass from a colder to a 
hotter body without some other change taking place. 

In the limiting case of thermal equilibrium the available energy 
will to the first order of small quantities be unaffected by the trans- 
ference of a small quantity of heat in either direction — a result 
closely analogous to the Principle of Viri^ual Work in Statics. 

62. The thermal eqoilibriom between two bodies is independent 
of their relative positions. This important property, though frequently 
overlooked and tacitly assumed in thermodynamical treatises, requires 
somewhat careful consideration. 
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We may in the first place consider two bodies or Systems M, N, 
which are not both in tbermically homogeneoas staltes. Some part 
of M may be hotter than some part of N, in which case if these 
parts are brought into contact or otherwise favonrably placed heat 
will pass from M to N, while at the same time some part of M 
may be colder than some other part of N, so that by varying the 
relative positions of the systems heat may be made to Sow from 
N to M. It is necessary to show that snch cases cannot occur when 
the bodies are in tbermically homogeneoas states, provided that the 
displacement merely alters their relative positions and not the con- 
fignration of either body. 

Suppose M hotter than N, and suppose if possible that by 
varying their relative positions heat oonld be made to Sow from N 
to M, and that after any quantity Q had thus been transferred the 
bodies were brought back to their initial positions. Thus we should 
liave transferred a quantity Q of heat from the colder body N to 
the hotter body M, and by making Q sufficiently small, M wonld 
still remain hotter than N after the transformation. From the last 
paragraph this result could only take place if available energy were 
sQpplied from without, and the only way in which such enei^ could 
be supplied would be by means of work done daring the displacement 
of the bodies from the first to the second position and back ^;ain, 
This would imply not only that the bodies exerted attractive or other 
forces on each other during the displacements, but that these forces 
were different during the return displacement from what they were in 
the outward displacement. Hence the truth of the proposition to be 
proved depends on the following axiom: 

The attractions between any two bodies depend only on the relative 
positions and configuraiions of Sie bodies and are wnaU&-ed by the 
transference of heat to or from eitk^ or both of ike bodies. 

That this asiom is in accordance with experience afi^ords 
evidence that 

{!) if one tkermicaUy homogeneous body is hotter than another Üie 
same wiÜ remain the case when their relative positions are altered. 

Similarly (2) if the two bodies are in thermal eguilHyrium, tte 
same will he true when their relative positions are altered. 

These results no longer hold if the dimensions or configurations 
of the bodies are altered by the displacement, for example a mass 
of gas which is colder than a given body may be made hotter than 
it by compression. 

* ■ 63. Camot's Cycle. To transport heat from a colder body N to 
a hotter body M (according to the above definition) available energy 
must be supplied from without. The simplest way of doing this is 
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by proceaseB identical in character with those of Carnofs cycle reversed, 
in which an auxiliary body L is taken which first receivee heat from 
N, and ie then, by compression or otherwise, brought to a state 
capable of imparting heat to M. 

To complete the cycle the body L must then be allowed to 
expand without gain or loss of heat nntil it is in a suitable state to 
receive a further supply of heat from N. 

To supply the available energy absorbed in a cyclic transformation 
of the auxiliary body a balance of work-energy must be supplied to 
this body in each cycle, and by the principle of conservation an 
equivalent amount of heat-energy must be given to the body M, over 
and above that taken irom N. We may thus suppose a quantity of 
heat d Qg taken from S, a quantity d Qm given to M, and & quantity 
of work dA = dQn— dQfi performed on the auxiliary body during 
the process. 

The reverse process is identical in character with the direct 
Carnofs cycle of § 26 in which üQ'm is received from M, dQ'y is 
given to N, and work dA' = dQ'u— dQ'/f is done by the auxiliary 
body during the cycle. 

Since a combination of the direct and reversed cycles can never 
result in a gain of available energy, the ratio of the work to the 
heat taken from or given to the hotter body M must be greater in 
the cyde in which work is absorbed than in the one in which work 
is generated (compare § 27). In other words, by the well known 
proof of combining the direct and reversed motions, the principle of 
limited availability gives that 

and therefore 

and by considering the limiting case where the combination of the 
direct and reversed cycles is accompanied by no loss of availability 
and the processes are all therefore reversible, we get 

(«^> (^)™....= (^)..,_- ■ 

64. Let each of these limiting ratios be written equal to T^^ 
for the bodies M and "N. Then the following properties are readily 
shown to be satisfied by the function T^i^. 

(I) Tmn is constant for the same two tbermieally homogeneous 
systems in the same two states. It is independent of their relative 
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positions and therefore only a fnnction of the variables bj wbieh the 
states of the bodies M and N are separately specified. 

This may be proved exactly as in g 62, and the trnth of the 
statement depends on the axiom there enunciated. 

(2) The ratio Tms for two systems M, N, is equal to the corre- 
sponding ratio Jjtf-y for any other two systems M', N', of which 
M' is in thermal eqnilibrinm with M and jV' is in thermal equilibrium 
with N. 

For if Tmn^ ^m'n- combine a direct Camot's cycle between M 
and m with a reversed cycle between M' and N' so that the work 
generated in the former cycle is absorbed in the latter. Then the 
heat received by M will be greater than that lost by M' and that 
lost by N will be greater than that gained by 1^'}) 

Now the heat lost by M' may be taken from M and that gained 
by N' may he given to N without loss of available energy. There 
remains a balance of heat gained by the hotter body M and lost by 
the colder body N which is not compensated for by any loss of 
available energy in any other part of the system, which is contrary 
to the principle of degradation of Enei^y. Similarly Tmk cannot be 
less than T^tc. 

(3) Tus is independent of the size of the systems M and N 
provided that they are thermieally homogeneons. In the case of 
homogeneous flnids, Tmk is therefore a function of their volumes 
and energies per unit mass, not of their total volumes and energies. 

This resnlt follows from the previous one by observing that the 
ratio in question is the same for any two parts of the same two 
thermieally homogeneous systems. 

(4) Tj,,v is equal to unity when heat -equilibrium exists between 
31 and N, it is greater than unity when heat can flow of itself from 
M to N, and less than unity when heat can only flow of itself from 
N to M. 

(5) We have the relation 

(66) Tx,^xTy^=l. 

This is simply the property of the differential calculus according 

to which TPi- X TFT = 1 ■ 



1) For by hypothesis dQ^—dQy'-'dA, and dQ^^' — dQ^g' — dA whence 

1^_, lA d t^^i-AA. Rt l^'^l^ d^ dA 

dQf, dQ^^ ^''* dQ^^. dQg.' "* dQ^^^dQjf.'-'dQ^-^dQjf. 

whence if dA is the same for both cycles dQ^^ dQ'^ and dQ^'^ aQ'^^. 
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(6) Taking a third system P, we have by comparing the cycle 
between M and N with a combination of two cycles between M 
and P and between P and N respectively 

(67) Tx!^ = Tmp X Ten = ^■ 

This is proved exactly as in § 27. 

65. Absolute Temperature. Now let the system P be taken to 
be a standard Byetem whose state is kept constantly fixed, while other 
systems are compared with it. 

The expression T^'p will then he a function only of the variables 
which define the state of the system M. 

Tup is said to be the absduie temperature of the body M referred 
to P as unit of absolute temperature. 

If any other body Q be substitnted for P, the unit of absolute 
temperature will he altered, but the numerical measures of the tem- 
peratures of all bodies will be altered in the same ratio. For by 
(6 7 J above 

Tjiq = Tj[p X jVq 
in other words the absolute temperature of M relative to Q is equal 
to absolute temperature of M relative to P multiplied by the absolute 
temperature of P relative to Q. Hence all the new absolute tem- 
peratures are obtained by multiplying the old ones by the same 
constant factor Tp^. 

The properties proved in the last article are identical with the 
properties of temperature proved in treatises on experimental heat 
and mentioned in Chapter I. We thus have a deduction of these 
temperature properties from the Principle of Availability, which is 
independent of any preconceived ideas regarding temperature. 

66. Temperature at a point When a body is not in a tbermi- 
caliy homogeneous state its temperature at any point can be defined 
by considering a differential element of mass containii^ that point, 
in the same way that we define density at a point or pressure at a 
point in hydrostatics. We might, for example, say that the temperature 
at any point P was equal to 2", if when a mass element dM con- 
taining the point P is removed without changing its physical state 
and placed in contact with a body of uniform temperature T, do 
passage of heat takes place in either direction. 

The property that temperature is a scalar not a vector quantity 
or that the temperature of matter at a point is the same in all directions 
follows from the considerations contained in § 62, and depends on 
the same axiom. As an instance of this point, if we suppose two 
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uniformly heated cubical blocks of material to be in thermal equili- 
brium with two of their faces in contact, they will remain in thermal 
equilibrium when any other two faces are brought into contact. An 
exception to this statement conld only occur under the conditions 
discnssed in § 62. It would require work to be done in turning the 
cubes over into their new poBitioas, and the amount of this work to 
be altered if heat were to flow from one cube to the other. It is 
uot to be inferred that when radiation takes place through the ether 
in a particular direction the temperature at a point of the ether is 
necessarUif the same in all directions, or even that the äher has a 
temperature, for the above proof only applies to material bodies, 

67. Temperature of moving body. When of two bodies M, N, 
one is at rest and the other is in motion, or both are moving with 
different velocities, their temperature ratio can still be defined by 
means of an uuxiliary body L performing a Carnot's cycle between 
the two, bat in this case the velocity of the body L will have to 
be changed in the course of the adiabatic transformations in such a 
way that when L is in contact with M it is moving with the same 
velocity as M, and when in contact with N it is moving with the 
same velocity as N. 

This definition gives rise to no special difficulties in the cases 
ordinarily occurring in nature. The work done in changing the 
velocity of the auxiliary body being equal to the alteration of kinetic 
energy of the body as a whole, the sum of the works thus done in 
the two adiabatics of the cycle is zero. In order that the sum of 
the works should be different from zero it wonld appear necessary 
that the inertia of the auxiliary body should be altered by communi- 
cating heat-energy to it; if such a phenomenon were to exist the 
present arguments would break down. 

We can also suppose heat equilibrium to be maintained by radiation 
between two bodies whose velocities are unequal and which are not 
actually in contact. We here assume that either the transmission of 
heat between the bodies is instantaneous, the heat-capacity of the 
intervening ether being neglected, or that an eqnilibriam state has 
been attained between the bodies and the ether. (See Chapter X.) 

From considerations such as the above, it is evidently possible 
to define the temperature at a point at any instant in a system whose 
parts are in motion among themselves and are not in thermal eqnüi- 
briaiu; at all events in the majority of conceivable cases. 

A body which is in the course of undergoing shearing strain, 
for iiutance a fluid, appears to present the most &vourabIe conditions 
for finding an exception, if such exist, to the property that the 
temperature at a point is the same in all directions. 
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CHAPTER Vn. 

UNAVAILABLE ENERGY AND ENTROPY. 

68. Unavailable energy. The Principle of Conservartion of Energy 
involves the result that any loss of available energy implies ike gain 
of a» equal amoimt of tmavaüdble energy. But whereas the phenomena 
of Rational Mechanics involve changes in the location of the available 
energy of a system, they do not imply any transformations of 
nnavailable energy. Hence in many cases it is simpler to stady tlie 
properties of the tmavaHable part of the enei^ rather than those of 
the available portion, for the reversible transformations of energy in 
the form of work do not have to be token into account. 

In the last chapter we have seen that the ratio of the absolute 
temperatures of two bodies is defined by the relation 

IV ^ 

where d Q^, d Qx are the quantities of heat gained by one and lost 
by the other in a perfectly reversible Camot's cycle virorking in either 
direction between the two bodies. In future we shall use the word 
"temperature" to denote absolute temperature unless otherwise stated. 
As the transference of heat between bodies of finite size changes 
their temperature, dQM ^nd dQy must in general be infinitesimal. 
If however the bodies are very large, or are by other means maintained 
at a constant temperature, this restriction may be removed and we 
may write 

where Qu, Qs &re the quantities of heat gained and lost either in 
one cycle or in a number of cycles. 

The maximum amount of work obtainable from Qu under these 

circumstances is 



-9 



The balance Qs or ^jf x W- represents enei^y given in the 

form of heat to the body at temperature Tu, from which no further 
work can be obtained if Tg is the lowest available temperature. 
Under this condition Qy is to be regarded as wholly unavaüalile energy. 
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If we had another body capable of receiving heat coctinuonsly 
at a lower temper&tnre To we might obtain a further amount of work 



«■'(1-3 



out of the heat Qx, and then the balance of unavailable energy Qo 
commanicat«d to the latter body would only be given by 



and would be the same as if the cycle were performed directly between 
the temperatures Tx and To- * 

From these forms we deduce that the unavailable en^gy associated 
with a given quantity/ of heat 

(1) is directly proportional to the loivest absolute temperature 
available for a refrigerator 

(2) is inversely proportional to the temperature of the body which 
the heat is entering or leaving. 

69. The anxiliary medinm. — Entropy. In the above statements 
we have estimated unavailable energy with reference to a medium 
of constant temperature which can be used as a re^gerator in 
connection with any necessary reversible cycUc transformations involving 
gain or loss of heat. Such a medinm may be called an auxüiary 
medium and its temperature the auxiliary temperature. 

If we take a steam engine as a practical illustration we ehould 
take as anxiliary temperature, the lowest temperature at which water 
could be obtained for the condenser of the engine. The lower the 
auxiliary temperature the less energy unavailable. 

Taking now a quantity Q oi heat entering or leaving a body 
at temperature T, we see that if the unavailable energy Qo associated 
with it be divided by the ausiliary temperature To we have 



or the quotient is independent of the auxiliary temperature. 

Thus % may be regarded as a measure of unavailability or factor 
which only requires to be multiplied by any assumed anxiliary 
temperature To in order to give the quantity of unavailable energy 
relative to that temperature. 

This fiwtor is called entropy, and may be defined more precisely 
in two ways. 
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70. First definition of Entropy. If a system or part of a sysUm 
at teinperatnre T receives a quantity of heat dQ the quotient -^ is 
called the increase of entropy of the system arising from this cause. 

If A and B denote two different states of a system whidi are 
capahle of being connected together by a continuous series of revisible 
transformations, then the change of entropy of the system in passing front 
the state A to the state B is defined by the expression 



^f 



dQ 



where the summation extends to aU parts of the system and (fi« integral 
is taken along the reversible series of transformations referred to. 

This definition is the one most commonly known though it is 
frequently stated in a somewhat less precise form. In dealing with 
reversible phenomena it leads to consistent reBults and is sni^cient. 
But there are many irreversible phenomena, for which this definition 
is either inapplicable or can only be made applicable by somewhat 
cnmbersome extensions. It is in many ways unaatiBßietory or at least 
inconvenient. 



71. Second Definition of Entropy. If from any cause whatever, 
the unavaüaUe energy of a system tmth reference to an auxiliary medium 
of temperature To undergoes any (positive or negative) increase and if 
this increase be divided by the temperature To the qwAient is caUed the 
increase of entropy of the system. 

As it is only possible to investigate changes of unavailable energy, 
and not its total amount, the expression for the entropy involves an 
unknown constant This constant occurs in the form of a constant 
of integration in any expressions which are obtained for the entropy 
of particular systems such as perfect gases etc. In most cases the 
entropy takes the form of a logarithm. 

The second defiuition makes no restrictions as to the nature of 
the transformations which take place; it holds if the uiia?aUahIe 
energy is imported into the system in the form of heat received from 
without, as well as when irreversible changes occur in the system 
itself, producing an increase of unavailable at the expense of available 
energy. 

The second definition of entropy may perhaps be stated more 
briefly by saying that the entropy of any system is equal to, or differs 
by a constara from the unavaiUMe energy of the system relative to an 
auxiliary medium of unit temperature. 
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72. Clansins' IDeqnalities^ It follows from tlie second definition 
that tA« entropy of a finite system is a function of the ph^ieal state 
of the system only, for no ctuinge can take plac« in the amount of 
energy unavailable with reference to a given anxUiary medium without 
some change occurring in the physical state of the system. 

(1) If no irreversible changes occur in the interior of the system, 
unavailable energy is only imparted to the system from without in 
connection with heat received, and it follows from § 70, that the 
change of entropy of the system Ss — 8a between states Ä and B is 
given by 



-5.= ^/' 



a. 



(2) Jf however irreversHle changes have occurred in the interior 
then since these , changes involve an increase of unavailable energy 
the total increase of entropy is greater than that due to the heat 
gained Irom without, in other words 



(70) ' SB~Sji>sf- 



dQ 



and the difference represents increase of entropy due to the internal 
changes. 

(3) If the system undergoes a reversible cydic transformation then 
since the initial and final entropies are the same 

(71) ■ z(/)f = 0, 

the integral being taken round the cycle. 

(4) If the cycle involves irreversible changes in the interior of the 
system (70) gives 



(72) £{f) 



dQ 



<0. 



Tn this case the quantity of entropy received from without during 
the cycle in connection with the heat imparted must be negative in 
order to balance the increase of entropy produced by the irreversible 
changes within the system. 

The inequalities (70), (72) are known as the inequalities of Ctausius. 

(5) It is not usually possible, however, for a system to undergo 
a reversible transformation unless at any instant all the parts of the 
system are at the same temperature T, this temperature being a 
function of the time alone. For if any difference of temperature 
existed between the parts, heat would, in general, flow from the hotter 
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to the colder parts and thia process would be irreversible. Under 
these circnmstances we take dQ to denote the heat received by the 
whole system at the instant when its temperatare is T and the 
equalities take the form 

73. A more detailed investigation. We may examine in greater 

detail the processes involved in the proof of Clanaius' inequality for 
a closed cycle as follows.^) 

Let us suppose that we are dealing with any therm odynamical 
system M in the presence of an indefinitely extended medium Mo of 
absolute temperature To, this being the lowest temperature continuously 
available for the refrigerator of a Camot's cycle. 

, Under these circumstances a quantity of heat dQ at temperature 
T represents a quantity of available energy of amount 



dA 



=.«(1-^) 



that being the masimum work obtainable from dQ subject to the 
given conditions. 

It follows, then, that if a quantity of heat dQ is imparted to the 
system from without at a point where the absolute temperature is T, 
the available energy of the system is increased by the above amount 
dA. Again, if the system performs external work äW, this work 
represents available energy taken from the aystem M and given to 
some outside system on which the work ie done. So far as the 
system M is concerned we thus have a loss of available energy dW. 

Hence the quantity of available energy absorbed by the system 
from without in any small transformation is 

dA = 2:[dQ(l-^)-dwj 

the 2 referring to different parts of the system, Now by the First Law 

1) Many articles in thia chapter have been written and rewritten a large 
number of times, with tbe result that a certain amount of repetition occurs in 
some of the arguments, especially in connection with Clausins' Inequftlitiee. 
Some of this repetition is necessitated hj the two alternative definitions of 
entropj. In other cases it is hoped that tbe repetition will merely call the 
attention of thö reader to the number of different ways of arriving at the 
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2:{dQ-dW) = dU 
where TT is the total enei^y of the system. Hence the total amount 
of available energy absorbed takes the form 

dA = dU-2:dQ-^ 

and if the system changes from state A to state B we get the total 
available energy absorbed 






If the system is made to nndergo a cyclic transformation the 
energy Ü is the same at the beginning as at the end, and therefore 
if (^A) is the available enei^y taken from without in the cycle 

('3) (^) ^'^{JY-T 

the integral being taken round the cycle. This expression is equal 
and opposite to the gain of unavailable energy, as it should be since 
the total gain of enei^ in the cycle iä necessarily zero. 

Now let us apply the principle of degradation of enei^ to the 
changes which take place in the interior of the system, between its 
different parts. In these changes, available energy is always lost, 
nerer gained; and it is only in the limiting case of reversible trans- 
formations that the loss vanishes. But, at the end of a cyclic 
transformation, the system M is exactly in the same condition as at 
the beginning, and Üierefore its available energy in the presence of 
the medium Mo must be the same. Therefore available energy must 
have been üicreased in the system in connection with heat received from 
ivithout to compensate for the loss within, and hence (A) in equation 
(73) must be positive. 

Therefore (1) in any cyclic non-reversible transformation 



<f) 



dQ 



<0. 



This relation is the Ineqnalit}' of ClaasiDS. 

(2) The left hand member of this inequality is equal to — -=-> where 
A represents the amount of energy rendered unavailable subject to 
the condition that To is the lowest outside temperature available 
for the purposes of a refrigerator. 

(3) The loss of available energy in the cycle is proportional to 
To- If a colder medium were substituted for Mo we should obtain 
increased facilities for the conversion of energy into work, and a 



by Google 



62 VU. UNAVAILABLE ENERUY AND ENTROPY. 

proportionately emaller amount of enei^y would be rendered unavailable 
under tlie new conditions though the cycle was identically the same. 
The difficulty of understanding Clausins' Theorems lies, not so 
much in the proof, as in the interpretation of their meaning in the 
case of the different irreversible phenomena with which we have to 
deal in applioations. Even the statement of the theorems admits ol 
some ambiguity, for there exist a number of inequalities of the form 



<f) 



^ 



<0 



obtainable by assigning different meanings to d$ and T. For this 
reason we shall now illustrate the particular cases which occur by 
easy and gradual stages, starting with reversible cycles and then 
considering in detail the simpler classes of irreversible phenomena 
with which we have to deal in practice. 

74. Particnlar cases. Simple systems. We start with a simple 
system, and first suppose it to be the working substance performing 
a Carnot's cycle between a source at temperature Tx and a refrige- 
rator at temperature T//. We transform the equation 

firstly, by letting dQ^, dQ^ denote the heats received hy the system 
from the source and refrigerator, so that dQ^ = dQu, dQ^=^ — dQs, 
into the form 



The conditions of reversibility require that when the working 
substance is in contact with either the source or the refrigerator the 
temperatures of the two shall be equal. Letting T^, T^ denote the 
temperatures of the working siAstcmce, so that T^ = Tu, T^ = Tg, the 
equation last written down transforms into 

r, "^ r, ~" 

an equation now involving only quantities which refer to the working 
substance, and not to the source or refrigerator. . 

Next suppose the working substance to undergo a reversible 
cyclic transformation, its temperature being any function of the time. 
Let the indicator diagram of the cycle be the curve APSQ. Divide 
this curve into narrow strips by adiabatie lines crossing it and join 
the ends of these adiahatics by isothermals. The diagram is thus 
divided into a series of Carnot's cycles such as PMQN, and from 
what we have first shown the values of -jf- contributed by the 
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elements PM and QN rnvtst be equal and opposite so that their snm 
is zero. Passing to the limit when the elements PMQN are in- 
definitely narrow, 
we shall now 
show that 



(/) 



dQ_ 








the integral being 

. taken ronnd the 

circuit APBQ. 

To prove this 
it is necessary to 
show that the va- 
lue of dQ for the 
element of arc 
PP' is ultimately 
equal to the value 
for the correspon- Kg, g, 

ding isothermal 

element PM. Using snfGxes to denote the quantities of heat absorbed 
in the corresponding elements we see from the principle of energy 
that dQpp' + dQp'M + dQxp is equal to Üie work done in the 
elementary cycle PP'.3fP; this is represented by the area of the 
APP'M and is therefore a small quantity of the second order, PP' 
jmd PM being of the first order. Abo dQup'^'O, the transformation 
being adiabatic. Therefore dQpp'+ dQiip=0 or dQpp- = dQp^ to 
first order. Hence the cyclic integral 



m 



for the circuit APBQ is ultimately the same as the sum of the 
corresponding expressions for the elementary Carnot's cycles inscribed 
in it as above, and is therefore zero. 

75. Extension to compound systems; reversible cycles. We now 

consider a componod system with any number of degrees of freedom, 
whose temperafcnre at any instant is the same at every point, and is 
therefore a function of the time alone. In a reversible cycle, the 
position coordinates may be varied in different ways, and consequently 
the proof of the relation 



(/) 



dQ _ 







given in the last article usually breaks down, or at least gives rise 
to difficulties, depending on the impossibility of drawing an indicator 
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dit^ram Had the consequent difficulty of dividing the cycle into a 
network of Camot's cycles. The following proof is convenient, and 
bears a considerable analogy to the niore general proof of § 72. 

Let the system M. describe any reversible cycle S. and let dQ 
be the heat received by M at any stage of the process when T is 
its temperature. Then without loss of generality we may suppose 
the quantity dQ taken from an ansiliary body, such as a mass of 
gas, performing a Carnot's cycle between Üie system M. at temperature 
T and a large reservoir of heat M.q at temperature To- In this case 
the auxiliary body will receive from the reservoir a quantity of heat 
dQo determined by 

i% _ dQ 



dQo^To 



dQ 



If, now, we assume that every transformation of the system under 
consideration is connected with an auxiliary Camot's cycle working 
in combination with the same reservoir Mo, the total amount of beat 
taken from the reservoir in the cycle will be 



<.«=r.(/)f. 



If this quantity Qo were positive, a quantity of work Qo would 
have to be done somewhere or other, since all the bodies have 
returned to their initial state. We should thus have the conversion 
of Qo units of heat into work with no compensating transformation, 
and in this way all the energy taken from Mo in the form of heat 
would be capable of being rendered available, even if Mo were the 
coldest body of the system. It follows that Qo cannot be negative, 
and moreover if Qo is positive the series of processes is irreversible. 
Hence for a reversible series of processes we must have Qo^O and 
therefore 



im 



= 0. 



76. Entropy. — (Definition I.) The property that for a given 
thermically homogeneous system, simple or compound, the integral 



if)' 



vanishes round a reversible closed cycle leads immediately to the 

result that the integral 
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A 



is tlie same for all reversible transformations of the system from a 
given initial state ^ to a given final state B. In illnstration taking 
a simple system and 
supposing tiie integral 
to vanish round the cir- 
cuit APBQ (Fig. 9), it 
follovrs that the parts 
eoQtribnted by the paths 
APB and BQA are 
equal and opposite, and 
therefore the line inte- 
graJs taken along APB 
and AQB from ^ to B 
are equal, the initial state 
(p, F,) and final state 
(i'a^s) being the same 
for both. 

We may therefore 
write, for a simple system 









\ 


V 
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^'f'^l'-' 
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Pi 







(74) 



/4 



-f{p„y,)-nPi,y,)-s.-s^ 



and for a compound system vre have in like manner 



/4 



where S denotes a certain quantity dependent on the actual state of 
the system, and Sa, Sb denote its values in the states A, B. We 
are thus led to associate irreversible transformations with a new 
quantity S whose value at any instant depends only on the state of 
the system at that instant. This quantity we call entropy and we 
are led to the first definition of § 70, which for the systems here 
considered may be stated as follows: 

Let A and B 6e two dijferent thermicalltf homogeneous slates of the 
same system, which are capable of heing connected fßgdher by continuous 
reversible transformations. Then the integral 

Bryan, Thermodjusmici. g 
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/4 



täk&t along any suck transformation is called ike entr<^y of the system 
in the state B relative to the state A, or the difference of the entropies 
in the states A and B. 

The entropy in any state is ttms determined, to within an 
arbitrary constant of integration, by the indefinite integral 



ß 



' + c. 



The conBtant of integration is to a certain extent arbitrary, but for 
the same substance in the same state (as to pressure, temperature etc.) 
the entropy of unit mass must always be taken to be the same. 

We may also give the following definition: The entropy of a 
tbermically homogeneous system is a quantity such that when in 
any reversible transformation the system receives a quantity dQ of 
heat at absolute temperature T the entropy increases by an amount 
-,^- This is merely a re-statement of the First Defioition of Entropy, 
given above. 

It is clear that to produce a given change in the physical state 
of a body of given material the quantity of heat communicated 
must be doubled if the mass of the body is doubled, so that the 
entropy of a body in a given physical state is proportional to its 
mass. The entropy of unit mass, which, in accordance with previous 
conventions we shall denote by s, depends only on the state of the 
substance, as defined e, g. by its pressure and temperature. 

The progress of events within the working substance depends 
on the various temperatures of the substance at different stages and 
the quantities of heat received by it. It does not depend on whether 
the heat is received from a body of the same temperature or a body 
of different temperature provided that the transformation is the same. 
Hence the relation 



ifr 



'-0 



and the definition of entropy is extended to all cyclic transformations 
of the working substance, provided that the processes which take 
place in the substance itself are reversible. 

77. Connection between entropy and available energy. — Second 
Definition of Entropy for tbermically homogeneons systems nudergoing 
reversible changes (Definition II). We now revert to the methods 
of § 73, but assume for the present, that the system M with which 
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we are dealing is at every inat&nt at miiforni temperature T throughout, 
and that the trausfonuatioQS which it audergoes are all reversible. 
As before, the facilities for conversion of energy into work are 
assumed to be limited by the presence of a surrounding medium Mo 
of temperature To. 

Under these circamstances the change of available energy in the 
system itself in any non-cyclic transformation from state A to state 
B has been shown (§ 73) to be 



u.- u^- 



■»/4 



The total change of energy is Üb — Ua- 

Hence the quantity of non-available enei^ gained by the system 
in transformation is equal to 



nf^ 



that is to To times the increase of entropy (Definition I). 

We thus obtain the sooond definition of entropy of § 71, according 
to which the increase of entropy is found by dividing by To the 
increase of unavailable energy estimated with reference to an auxiliary 
mediam of temperature To- 

78. Entropy in non -reversible traiisfonnations. The extension 
of the first definition of entropy to irreversible transformations is a 
subject of considerable difficulty, which has led to many controversial 
discussions. There is not the same difficulty with the second definition, 
nevertheless it is only possible to arrive at a clear understanding of 
entropy by examining the various possible methods of treatment 
which present themselves, and by a minute consideration of the 
simpler irreversible phenomena. 

We start by laying down the following 

Fundamental Condition. The entropy of a system shall be defined 
in such a way that its value at any instant attends only on the physical 
state of the system at thai instant, and not on the previous history of 
the system. 

If this assumption were not made the theory of thermodynamics 
would involve the consideration of change of entropy of a purely 
arbitrary character corresponding to no real physical phenomena. 

If, for example, a given mass of gas undergoes any series of 
transformations, reversible or irreversible, and is finally brought back 
to its original volume and temperature, the condition we lay down 
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is that the entropy ehall be the same as it was at the beginning. 
The initial and final states of the gas are by hypothesis indistinguiehable 
from each other in every respect, and if we made the entropies different, 
this difference would be devoid of physical meaning.') 

If irreversible phenomena have occurred in the gaB, the return 
to the original state can only be made at the expense of compensating 
transformations elsewhere. It is not in the gas itself bat in the 
external systems that a permanent change has occurred which may 
affect the value of their entropy. 

Subject to this assumption, we may proceed in two ways, 
according as we start from the first or second definition above. 

(1) Starting with the first definition, we may define the entropy 
of a thermically heterogeneous system (i. e. system at non-uniform 
temperature) as the sum of the entropies of its differential mass 
elements. 

The change of entropy in an irreversible transformation can now 
be defined when it is possible to find a reversible transformation that 
would produce identically the same changes as actually take place in 
the system. The change of entropy in the irreversible transformation 
is then defined as being equal to the change which would take place 
in the corresponding reversible transformation betwaen the ^ame 
initial and final states. C<!i/,!/..'-^ ■--."( ■^"■^^■^ '^''p -■ 

[This convention must be made if entropy is to be cdnsiderea 
as a definite physical entity obeying the above fundamental condition.} 

This definition applies to all cases in which the initial and final 
states can be connected by a reversible transformation. If this is not 
possible, there is no a priori reason for asserting that a definite meaning 
can be assigned to entropy changes according to the first definition. 

(2) We may start with the second definition which, we observe, 
always gives a definite meaning to the concept entropy in accordance 
with our assumed fundamental condition, and we may deduce from 
it espressions representing the entropy changes corresponding to 
difi'erent irreversible phenomena. 

79. Entropy of a thermically heterogeneoas system. If a system 

of bodies consists of different parts m,, m, ... at uniform temperatures 
T^, T^ ... the whc^e entropy of the system is the sum of the entropies 
of the parts of the system*), and hence is given by 

1) We do not deny that it is poaaible to build up a mathematical theory 
based on a definition according to which the entropy of a body depends on its 
past history, and even, by suitably interpreting tbis theory, to deduce results in 
accordance with facts. Bat such a theory would of necessitj be an artificial one. 

2) The use of the word "whole" as in whole volume, whole entropy or 
whole energy is convenient to diBtingnisb these from tbe volume, entropy and 
eiiei^ of a unit mass. Compare also g T. 
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8 = m^Si + «tjSj + ■ ■ ■ + m^Sn 

where m„ m^ are the maas^ of the parts, s^, Sj their entropies per 
anit mass. We see also that the increment of entropy is given bj 

where dQi is the whole heat received by the part m^ at temperatare 
T,, whether this heat be received from ontside or from other parts 
of the system. The only limitation to this statement is that no 
irreversible changes moat ocenr within the separate portions TOj, Wj , . . 
"Where the temperature varies from point to point the system must 
be divided into "differential" elements of mass, as explained in § 46, 
these elements being so small that the temperature is uniform over 
a single element, but the element is large compared with the moleealar 
structure of the snbstance. The summations of the last case must 
be replaced by integrals and we shall write the resulting equations 



= I so 



/ sdm 

dS = 



where dq'dm ia the quantity of heat absorbed by the element dm 
when its temperature is T. In this notation dq' will stand for 
quantity of heat absorbed per unit mass in the neighbourhood of the 
point whose temperature is T, and the sign of integration will refer 
to the various "differential" mass elements of the body. 

We notice that the second definition of entropy of § 71 is 
applicable without modification in the present case, since a quantity 
d Q^ received by the part at temperature T^ represents an increase of 

energy d§, of which dQ^il — -iji-j is available and dQi„ is non- 
available relatively to the refrigerator To. 

SO. Changes of eotropy doe to conduction or radiation of heat. 
Let a quantity dQi of heat flow by radiation or conduction from a 
hotter part of the system whose temperature is Tj to a colder part 
where the temperature is T^. Then the entropy of the first part 

dQi dQ. 

decreases by -f^r- and that of the second increases by -sr- hence the 

total entropy increases by an amount 

This increase is always positive since T^ must be > T, for the 
flow to take place from T, to T^. Hence 
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(1) The effect of irreversible heat flow between fhe parts of a system 
is to increase the entropy of the system. 

(2) Th&'e is no difficulty about representinff the eiüropy changes 
dtie to this cause as a sum of differentials of the form -~- where the 
differentials dQ refer to the actual transformation. 

We have here assumed the passage of heat from one part of 
the system to the other to be instantaneous. When a finite time is 
taken by radiation from one body to reach another, account must 
be taken of the heat gained and lost by the intervening ether, and 
this problem is discussed in Chapter X. 

If the system nndergoes a complete cycle, we may divide the 
heat dQ received by any element when at temperature T into two 
parts, one dQi due to conduction or radiation from neighboaring 
elements, and the other dQ, being due to bodies outside the considered 
system. 

Hence for the cycle, we have 



-(/)¥-(/)^+-(/) 



dQ, 



the sign of summation 2 referring to the different bodies or mass 
elements of the system. 

Now the first integral Tanishes, the total entropy being the same 
at the beginning and end of the ti-ansformation '), and from what 
has been just shown the second integral is positive; therefore 



<fr- 



This is a particular ease of the inequality of GlausiuB proved in 
§ 72. The entropy of the system is the same at the end as at the 
beginning of the cycle, but the irreversible flow of heat causes an 
increase of eutropy inside the system. To compensate for this a 
negative quantity of entropy must be taken from without, and we 
may now enunciate Clausius' inequality as follows: 

In any non- reversible cycle, the quantity of mtropy gained by the 
system from wißiout must be negative. 

We may obtain a further modification of the last inequality, in 
which the temperature of the system itself is replaced by the tempera- 
ture of the external body or medium from which the system is heated. 

1) Although ineverBible chiuigea take place between the elements or parta 
of the Bestem, we are aBBuming ia this paragraph that the procesBes within B,ny 

element are reversible, jo that for every individnal element I I J .^ vanishefl 

for the complete cycle. 
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If the qiAntity of heat dQ is taken from a body at temperature 
T,, and given to a part of the working sabstance at temperature Ti, 
the entropy of the latter is by definition increased by 



If heat is absorbed from the source so tiiat dQ is positive T, > Tt 
and hence 

dQ dQ ^ 

while if heat is given out the same reBult still holds because T, <! Ti 
and dQ ie negative. The totcA entropy conaiBting of the sum of the 
entropies of the working substance and the surrounding media is 
therefore increased. Moreover 

and therefore a fortiori from (1) 



=(/)4? 



A particular illustration of the difference of the two forms of 
inequality is afforded by a system performing what is called a 
condäionaUy irreversible cycle. By this we mean "a cycle which 
under existing external conditions is irreversible but which may he 
made reversible by the substitution of other external conditions". 
As an example we may .take a simple system performing the series 
of operations of Camot'a cycle, bat snppose that when it receives 
heat from the source it is at a slightly lotc&- temperature than the 
source, and that when it gives heat to the refrigerator it is at a 
slightly higher temperature than the refrigerator — a condition of 
things which always exists in actual cycles. In this case the cycle 
would be made reversible by an suitable alteration in the temperatures 
of the source and refrigerator. For such cycles we have 

z(/)f =0 wt 4jn<o. 

81. Irreversible conversion of Work into Heat. There are a 
large number of cases in which irreversible changes take place, often 
within the ultimate elements of the system, in such a way that it 
is very difficult to analyse the exact process of events during the 
change. We may take the following as illustrations of one such 
class of phenomena. 
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(1) Friction between two rongh bodies. * 

(2) Impact of two imperfectly elastic bodies. 

(3) Gaa roahing into Tacuum, 

(4) Stretched wire which is suddenly cut, 

(5) Retardation of fluid motions due to viscosity. 

(6) Flow of electricity in imperfectly conducting bodies. 

All these phenomena may take place in the interior of a closed 
vessel, impervious to he^t, and then no entropy or energy (available 
or otherwise) is imported into the systems from without. In the 
present cases the visible effects produced include an apparent absorption 
of mechanical work in the interior of the system. By the principle 
of conservation of energy, this lost work must reappear in the system 
in the form of some other kind of energy. We may define this 
energy as heat generated internally in the system, the quantity of heat 
so generated being measured by the quantity of work lost.') We 
shall apeak of the phenomenon as an irreversible conversion of work 
into heat in the interior of the system. Experience shows that a rise 
of temperature or some other equivalent effect invariably accompanies 
the transformation and is exactly the same in amount as if the heat 
said to be generated in the system had been supplied from without. 

What we can safely assert is that the ultimate effect of the 
irreversible changes on the system is the same as could be produced 
by reversible means if energy in the form of work was taken from 
the system, and energy io the form of heat imparted to the system. 
To make things clearer, we consider the separate cases. 

(1) Friction between imperfectly r(mgh todies. If we were to 
replace the rough surfaces by smooth ones, or introduce halls or other 
anti-friction hearings, it would be necessary in order to make the 
other effects the same, to apply equal and opposite external resistances 
to the sliding parts, equal to the forces of friction which previously 
existed. To make up for the energy thus taken from the system, 
and to reproduce the temperature changes actnaliy observable in the 
bodies, heat energy would have to he supplied to the opposing 
surfaces. If dH is a quantity of work lost by friction, then in the 
reversible alternative system, the work dH is taken from the system, 
and heat dE ia given to it. If Z" is the temperature of the point 
at which this "generated heat" is applied to the system, the gain of 
entropy in the reversible process is -^-, and hence by definition the 
same is true in the irreversible process. It therefore follows that in 
defining entropy by the first method "quantities of heat generated 

1) We are here uaing the term "quantity of heat" generated intemallj to 
denote something different from the "quantity of heat" received by one body 
from another, as defined in % 68. 
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in the body" must be taken into account, a procedure open to some 
objection 

But the removal of dH units of work reduces the available 
energy of the system b^ dH, and the substitution of dH units of 

heat at temperature T, increases its available energy by dH\l — ^1 
relative to a refrigerator T^. It follows that the gain of unavailable 

r 

energy in the system is dH-sr and is equal to T„ times the corre- 
sponding gain of entropy. Therefore üte second definition of entropy 
becomes applicable in this case. 

(2) Impact of imperfectly elastic bodies. Here no energy passes 
to or from the bodies from without, and their total energy is 
therefore constant. The changes in the translational and rotational 
energy produced by impact could be effected by external forces, but 
the bodies would then do external work. Hence to reproduce the 
same results including the observed changes of temperature, by 
reversible means energy equal to this external work must be supplied 
from without in the form of heat. The change of entropy in the 

reversible transformation will be the resulting value of { f J-f- 
dependent on this supplied heat, and this hy definition will re- 
present the change of entropy in the actual transformation. As 
before it is easy to see that ^of / ]~jr represents the non-available 
energy gained by the system relative to a refrigerator T„, so that 
Definition II is still valid, 

(3) Gas rushing into a vacuum. The gas appears to do work 
in expanding, bat no work is done on the containing vessel, so that 
the energy all remains in the gas. If the gas expanded against a 
piston external work would be done, and heat would have to be 
supplied to maintain its energy constant. Otherwise it would be 
found that the temperature of the gas was lower than when it expanded 
freely. This heat would increase the entropy but Definition II would 
still hold. 

(4) For a stretched wire that is sudderdy cut the arguments are 
precisely similar to the last case. 

(6) Fluid motion brought to rest by viscosity. Instead of repro- 
ducing the same change by artificial means, it is here easier to 
bring back the system to its original state by imparting kinetic 
energy to the fluid and withdrawing heat energy from it. The 
entropy taken from the fiuid in the latter change must be equal to 
that which it gains in the former. 

(6) Flow of electricity along a wire. If the electricity were 
transported by convection from the higher to the lower potential, 
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outside work would be done, and a corresponding quantity of heat 
would have to be supplied to the wire, reproducing the obseTved 
temperature changes caused by the current, and producing an increase 
of entropy. Both in this and the last case) Definition II still holds. 
In the class of systems here considered, if we suppose for greater 
generality that work is being irreversibly converted into heat in the 
interior, and at the same time heat is being received from without, 
and is also passing between the parts of the system, the change of 
entropy takes the form 

where dQ, is the heat received from without the system at the part 
whose temperature is 2",, dQt is the heat received from other parts 
of the system, and dH the heat internally generated in the part itself 

Thtis the change of enkopy can only he expressed as a sum of 
differentials of the form ~ by assigning a second meaning to ffte term 
"quantity of heat". 

In equation (76) we notice that dH is from the nature of the 
case essentially positive, since heat cannot be converted into work 
without some compensating transformation. Also the second term 

21 1 -ji- is positive as in the l^t article. Hence it follows that 

(") £f'-^<S.-S^ 

and for a closed cycle we have 

(78) s{J)-^<0. 

If we replace Ti by T, the external temperatnre at the point 
from which the heat dQ, was obtained we have, a fortiori 



(79) sf'-^KS. 

m 4m < 



Inequalities (77 — 80) all constitute forms or modifications of 
Glausins' Inequalities as applied to closed and unclosed transformations. 
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82. Cases where the previons method tails. The following irre- 
versible phenomena may here be cited as examples: 

(7) Diffusion of gases. 

(8) Gombnstion and other chemical changes. 

(7) Diffusion of gases will be treated more fully in chapter XII. 
If the diffasion takes place at constant pressure, volume, and tempe- 
rature, and without gain or loss of heat, no expression of the form -^ 
can be associated with the change, and the First Definition of entropy 
is calculated to give the incorrect impression that the entropy is 
necessarily unaltered by diffusion, Tbe Second Definition is free from 
this objection and rightly suggests that the matter can only be 
decided by studying tbe conditions under wbicb the mixed gaaes can be 
separated or work obtained by mixing the gases in some diff^erent way. 

(8) CombtisUo» and other chemical changes. Here we may have 
to deal with cases in which heat is suddenly generated, producing a 
discontinuous change of temperature. It is evident that differentials 
of the form -^ can only be integrated when the temperature varies 
continuously. If however the energy, available and unavailable, is at 
any instant definite, the entropy of tbe system will be definite according 
to Definition II, even when Definition I fails. 

Thus in the last two cases, the change ofmtropy cannot be expressed 
as a sum of differentials of the form -^■ 

We thus conclude that while the second defmititm of entropy is 
applicable to irrevers^ile as well as reversAle changes, the first definition 
cannot he extended to irreversible changes except in a limited numher 
of cases. 

[This of course does not refer to definitions of entropy based on 
tbe substitution of a reversible change for an irreversible one and the 
wording of the First Definition adopted in § 70 seems free from 
objection.] 

83. Dependence of non-available energy «n temperature of 
auxiliary medium. In connection with Definition II, we have seen 
that the non-available enei^y gained by a system relative to an auxiliary 
medium of temperature T^ is proportional to T^. It is important to 
observe that this property does not imply any physical peculiarity of 
th csystem itself which changes when a different medium is substituted 
as refrigerator. 

When we speak of a system as containing a quantity Qo of 
energy non-available relative to a refrigerator T^, we imply that when 
as much energy as possible has been converted into work by Camots' 
cycles working with this refrigerator tbe quantity Q^ will be absorbed 
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by the refrigerator. If however another refrigerator T„ be substituted 
the quantity Q„ must be further tranaformed by a Gamets' cycle 
from Ta to T^, and the quantity of non-available enei^y Q„ now 
absorbed will be given ^1 q q 



and will be to the former quantity as T„ is to T^ without any difference 

occurring in the system itself. 

$4. ClansioB' Statements. According to Clausius the First and 
Second Laws are summed up in the following statements. 
I. The Energy of the Universe is Constant. 

II. The Entropy of the Universe tends to a maximum. 

According to Definition II, the latter statement immediately 
follows from the fact that the available energy tends to decrease, and 
therefore the non- available energy necessarily tends to increase. 

Further, Clausius' Inequalities for non-cyclic transformations 
follow at once from this definition. For the increase of non-available 
energy in the system in a transformation from A \ß S ii by the 
Second Definition of Entropy equal to To(Sb — S_^. The quantity of 
non-available energy imported from without amounts respectively to 



tJ'-§^ .na T.f-^ 



according as this energy is measured when it leaves the external 
systems or when it reaches the system itself. Now the changes 
occurring within the system tend to decrease the available energy 
without altering the total energy, and therefore they must increase 
the Don-available energy. Hence 



IS of available energy due 

system itself is measured 



and moreover, the loss of available energy due to changes occurring 
in the interior of the system itself is measured by 



while the loss of available energy in transit to and from the aystem 
is measured by ^ ^ 
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85. Examples of Entropy. Heat Conduction. We may apply 
Fount's method of uialjsis to determine the rate at which entropy 
is being generated in a solid through which heat is passing. 

Taking A to be the thermal conductivity, y the specific heat 
and p the density, consider a portion «f the solid bounded by a 
surface S, the direction cosines of the outward drawn normal at any 
point of which are I, m, n. 

The rate at which entropy is increasing in the portion is 



fff'i 



-^axayds. 



The rate at which entropy is flowing in from outside 

The difference of these two expressions gives the rate at which 
entropy is being generated in the solid. By the equations of 
conduction this reduces to the last term, namely 

an expression which is essentially positive. 
This expression can also be written 

where F is the resultant flux of heat, ds an element of length in the 
direction of this flux at the point {x, y, s). The interpretation of the 
last expression is obvious. 

Numerical examples. The quantity of entropy absorbed by 
1 gram of water when its temperature is increased from O'C to I'C 
is found by dividing the work measure of the heat 4-18 x 10' ergs 
by the mean absolute temperature 273-5" C and is therefore 
1-529x10* units. 

If a mass of 1 kilogram moving with a velocity of 1 metre per 
second is brought to rest by friction at a temperature of 15° C or 
288° absolute, the work energy rendered unavailable is J 10*- 100* 
or -5 X 10^ ergs and the gain of entropy 1-736 x. 10* units. 
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86. The Laws of Conservation, Localisation and Transmissioit of 
Etttropy. We may now enunciate the following principles: 

(1) The entropy of an isolated system of bodies can be divided 
into a Bam of terms representing respectively the portions of entropy 
located in the several bodies and in the medium. 

(2) The entropy of a body is always the same whenever the 
body is in the same physical state. It may have undei^one any 
number of reversible or irreversible changes but if it is brought 
back to its former condition it will contain the same quantity of 

■ entropy as before. 

(3) The expression for the entropy, like that for the energy 
involves an unknown integration constant. It is possible that the 
entropy of a body at absolute zero may be — co. The constant 
introduces no diMculties as we are only concerned with changes of 
entropy. 

(4) Entropy can be generated but never destroyed, 

(5) Entropy is always generated when irreversible processes take 
place, and the quantity of entropy so generated affords a measure of 
the irreversibility. 

(6) From (2) and (5) we see that although phenomena may 
repeat themselves in certain limited parts of the Universe, irreversible 
changes will leave an indelible imprint on the progress of events 
somewhere or other, and the increase of entropy will represent a 
real change in the physical condition of the Universe as a whole. 

(7) When irreversible changes take place in the interior of a 
system, the gain of entropy is greater than the quantity of entropy 
imported into the system from without, the difference representing 
the quantity of enfaropy generated by the irreversible changes. If 
the system undergoes an irreversible cycle a positive quantity of 
entropy will have to be exported from the body equal to the quantity 
generated internally. 

(8) When heat flows from a hot to a cold body entropy is 
generated. If the flow take place by radiation, this entropy may be 
said (provisionally) to be generated in the intervening medium or at 
the surfaces of the two bodies. At the same time, it must be 
remembered that we have not yet discussed the thermodynamics of 
the ether, which will be dealt with in Chapter X. 

(9) The reversible phenomena of thermo- electricity show that the 
localisation of entropy may be altered by electric currents, leading to 
the inference that the entropy of a system depends ou its electric 
state. For a detailed discussion of these phenomena, and a comparison 
of the two definitions of entropy as applied to them, the reader is 
referred to Chapter XVI. 
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87. Temperatiire- entropy diagrams. In the practical appIicatiooB 
of thermodynamicB to steam -engines and other beat-motors much 
use is made of the temperature-eniroptf diagram, i. e. the diagram of 
a cyclic or other proceas formed by taking as coordinates temperature 
and entropy. As & and ip instead of T and S are the usual symbols 
for temperature and entropy in English books, such a diagram is 
known in England as a "thetaphi dii^ram". 

The following are some of the most important properties of 
such a di^p'am when the working substance is a simple system: 

(1) For a Camot's Cycle the digram is a rectangle bounded by 
two lines T = constant and two lines S = constant, 

(2) For a reversible cycle, integrating the equation 



we obtain 



dU=TdS-pdV, 



or the areas of the (2",$), and (p,F) diagrams are etpitd. 

(3) For a working substance performing an intrmaically irreversible 
cycle, the temperature entropy diagram is a closed curve. If the 
cycle be replaced by a rever- 
sible one having the same 
temperature - entropy dia- 
gram the amount of work 
obtained will be greater than 
before. It readily follows 
that the area of the (j), V) dia- 
gram is less than that of 
the {T, S) diagram, and that 
the ratio of these areas gives 
the ratio of the efficiency 
of the cycle to that of a 
perfectly reversible one, i. e. 
the efficiency of the cycle 
taking that of a perfectly 
reversible cycle as unity. 

(4) If however we seek 
to represent in a digram ^'S- >*■ 

the temperature - entropy 

changes occurring in the s&ttrce and refrigerator, we do not 
necessarily obtain a closed curve. In this case if T, and T^ are the 
temperatures of the source and refrigerator, S the entropy taken from 
the source ia one cycle, the work which would be obtainable ftom 




E quantity of heat in a perfectly reversible cycle ii 



represented 
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by a rectangular area of height S and base T^ — T^ and the ratio of 
the indicator or (p, F} diagram to Otis diagram is the proper measare 
of the efficiency ratio. The reason for this choice is that in practice 
we want to economise the heat taken from the source as far as 
possible, and we do not mind so much what happens at the 
refrigerator provided we get the greatest possible amount of work 
out of this heat. 

The complete study of these diagrams belongs to treatises on 
technical thermodynamics. 



CHAPTER Vni. 



EXPRESSIONS FOR THE AVAILABLE ENERGY UNDER 
PARTICULAR CONDITIONS. — CONDITIONS OF STABILITY. 

88. The energy test of stability. The discussions of the preceding 
chapters lead to the general conclusions expressed by the formula 

(81) dU^-dQ-dW 

and for reversible transformations at temperature T 

(82) dS=^f- 
whence also 

(83) dU=TdS~dW 

where dU and dS are the perfect differentials of two functions whose 
values are determined by the state of the system, these two functions 
being called energy and entropy of the system. 

We now proceed to discuss the conditions of equilibrium and 
stability of certain systems subject to given external conditions, assuming 
the First Definition of Entropy. We provisionally exclude chemical 
and other changes for which the First Definition fails, and in parti- 
cular we exclude radiation phenomena except in cases where the 
energy capacity of the ether is negligible (§ 66). 

From the energy test of stability in Rational Mechanics, combined 
with the principle of degradation of energy, it follows that a thermo- 
dynamic system subject to given conditions will be in stable equilibrium 
if its available energy is a minimum for all small variations consistent 
with the given conditions. 

If X, y, z, . . . be any variables specifying the state of the system 
subject to given conditions, and A = fix, y, g) represents the available 
energy, the usual theory of maxima and minima requires that if 
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f(x-\-h, if + h, z-\-l . . .) — f(x,if,z) be a function capable of expaofiion 
in powers of h, Tc, I then (a) the terms of the first degree must 
vanish, and (b) those of the second mast be essentially positive. 
Also we infer by analogy with the corresponding problem in National 
Mechanics that the first condition (a) is required for equilibrium, 
and condition (6) for stability; in other words we shall in general 
assume that 

For equilibrium, the variation of ihe. available energy mitst vanish 
to ike first order. 

For stability the variation of the available energy mmt be positive 
to the second order. 

The first of these conditions may be stated in the following 
form: In the netghbcmrhood of any equilibrium state any small change 
may be regarded as perfectly reversible to the first order of small 
quantities. 

This property is of fundamental importance as it shows that 
problems of thermodynamic equilibrium can in general be correctly 
solved by means of the methods of reversible thermodynamics alone. 
Most applications of thermodynamics depend on this fact. 

89. Exceptional Cases. In applying the energy test of equilibrium 
and stability exceptional cases may occur, of which the foUowing 
simple illustrations from elementary mechanics sufficiently indicate the 
nature. These exceptions 
mast be borne in mind in 
any general treatment: 

(a) State of Stable Equi- 
librium not unique. A heavy 
particle may be in stable 
equilibrium on the curve 
of Fig. 11 either at A, B, 
or C, although its potential 
energy is greater at B than 
at A, and greater at A 
than at C Thus the con- 
dition of stability does not 
require the energy to have 
the least possible value 
but only to be less than o 
in neighbouring positions. "s- "■ 

(b) The variation of energy does not vanish to the first order. 
When a weight rests with its base AB on a table a small angular 
displacement about A or B will produce a change of the same order 
in the potential energy. We might speak of the system as having 
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unÜaieral freedom, the constraint due to the table allowing the base 
to be raised but not lowered. For a system to rest in such a state 
it is necessary for the energy variation to be positive for any poBsible 
displacement consistent with the constraint, but when a displacement 
in the opposite sense is excluded, this energy variation is not 
necessarily a quantity of the second order. 




(c) Equilibrium maintained by fridion. A body placed on a plane 
inclined at an angle less than the angle of friction will remain at 
rest, although if friction were removed it would sHde down. 

Therm ody nam ical analogues of these cases esist in chemical 
phenomena; according to Duhem case (c) has its analogue in certain 
phenomena called "false equilibria". 

With these prefatory statements, we shall now show bow the 
principle of degradation of available energy can be used to obtain 
the conditions of equilibrium and stability of a tbermodynamical 
system in certain particular cases. To do this it is only necessary to 
construct expressions for the available enei^ of the system subject 
to the given external conditions. 

Some of the results obtained — as for instance that for equilibrium 
the temperature and pressure of a system (under no forces escept 
pressure) must be the same throughout — are so ' obvious that it is 
of course superfluous to prove them by this means, but the investigation 
is necessary in order to deal with the question of stability, and to 
extend the conditions of thermodynamic equilibrium to more general 
systems. 

90. System at rest surrounded by an indefinite medinm of nniform 
temperatnpe % and pressure p^. We do not suppose the system to 
have attained its equilibrium state, so that its pressure and temperature 
are not necessarily the same as those of the medium. Suppose for 
the sake of simplicity that the system consists of r simple systems 
characterised by the suffixes 1, 3, ... r and that the state of the rth 
part is fuUy specified by the variables pr, Vr, Tr, 8r, Ur, representing 
pressure, whole volume, temperature, whole entropy and energy, of 
which only two are independent. 
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Then if a qnantity d Q, of teat be withdrawn from the rth part, it 
follows from above that a quantity of at least dQ^x-^ will have 
to be given to the medium, and hence that the maximum amount 
of mechanical work derivable from dQr is 



.«,(1-1). 



Moreover, when the volume expands by an amount dV^ against 
the estemal pressure, the amonnt of work done is {Pr—p^dVr- 
Hence the total differential of the available energy of the system is 
measured by 

i^ - 2<i e, (i - -J^) + '2'j'r- p,)<iyr. 

_For equilibrium dA must vanish, giving the conditions T^^T^, 
Pr —Pa> hence the available energy can only be a minimum when 
the temperature is everywhere 2'q and pressure p^, as is otherwise 
obvious. 

We may take the available energy in this state to be zero since 
no work can be obtained from the system by the transformations, 
subject to the conditions v/nder consideration. This does not mean 
that the system cannot undergo other transformations such aa 
chemical changes, or that further energy cannot be rendered available 
by a change of external conditions, but merely that our estimate 
refers to the amount of energy which is available for conversion into 
work when such estraueoas changes are excluded. 

Moreover dQr-^ T^dS^ {d Q, represents heat withdrawn whence 

the minus sign). Hence the integral representing the available energy 
of the whole system becomes 

^ - - 2/(^' - ^•)''«' + 2/'^' - .p»)'"''- 

Bat by the equations of reversible thermodynamics 

dUr=TrdSr-PrdY,. 

Hence the total available energy is 

A "^JidJJr ~ T^dSr -VpJVr) 

taken from the initial state to the state (T^, pg) 

where Jlr", Sr", Vr" refer to the rth body in the final state {T^, p^- 

This expression gives on summation 

(84) A^{X]-Ü,)- T,{S - S,) +p,{r- n). 
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It follows from this ezpressioa that if 

(85) U-TaS + p^V> Uq - T^S, -i- PaV^ 

the System can pass from the state (IT, S, V) to the state (fl,, jSj, 



Fj,) bat cannot pass in the reverse direction unless available energy 
be supplied from withont. This condition is therefore the condition 
that the state {U^, Ä^, V^ should be one of stable equilibrium. 

91. System snrronnded by an envelope of invariable Yolnme F^ 
kept at cttDstant temperatnre Tg. In this case the differential of the 
available energy is given by 

and the condition of constancy of volume gives 

The state of minimum available energy is thus defined by 

0=^dÄ = - ^(Tr - Ta)dSr + ^PrdVr 

for all variations consistent with ^dFr = 0. 
It follows that for this state of equilibrium 

Tr'-T„p,=p,---=pr 



(resalts which 


ue 


otherwise ohyious). 


And 


since 




dUr-T,dSr-PrdVr, 


we have 






dA~-^d Ur + T^^dSr, 


whence 








(86) 




A. 


-2(U,-T.S,-)-2{Ur'-TA<>) 



- Ü- U^-T^{S~S^) 
leading to the result that for stable equiUbrium in the state Üq, S^ 
we must have for all possible neighbouring states Ü, S, 
(87) U-T^S> U^-T^S^. 

92. Stability of homogeneons fluids. Although a homogeneous 
fluid has been taken as the type of a simple system, and may be so 
taken as long as it remains homogeneous, it is necessary in order 
that the flnid may be in stable equilibrium that its available energy 
shall be a minimum for all displacements and not merely for dis- 
placements in which the fluid remains homogeneous. The same 
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conBideration applies to thermodynamic Systems of a more general 
character, and shows that in discussing the stability of a system with 
n degrees of mechanical freedom it is necessary to contemplate 
variations other than changes in the valaes of the » + 1 Tariables 
which are sufficient to specify the state of the system as long as it 
remains homogeneous. For the present we confine ourselves to a 
detailed discussion of the case of a homogeneous fluid, which will 
sufficiently indicate the general character of the analytical results 
obtained when any case of thermodynamic stability ia worked out by the 
methods of the difi'erential calculus as a problem in maxima and minima. 

We have to consider the possibility of displacements in which 
the fluid instead of remaining homogeneous divides itself into two 
or more parts differing in their physical properties, as illustrated, 
for example, by a liquid in contact with its vapour, or a substance 
partly in the soHd and partly in the liquid state. If by such a 
change the available energy could be decreased the homogeneous 
state would be unstable, and examples of such unstable states are not 
uncommon in actual experience. 

If we consider an element of the fluid whose mass is a very 
small fraction of the total mass, any change in the state of this 
element will produce a correspondingly very small change in the 
pressure and temperature of the remainder. By dividing the fluid up 
into differential elements of mass (§ 46) the condition of stability of 
each element ia seen to be correctly obtainable by making the 
assumption that the fluid surrounding that element is kept at constant 
pressure and temperature. Taking T, p to be this temperature and 
pressure, u, v, s the energy, volume, and entropy of a unit mass of the 
fluid at any point in the equilibrium state, u', «', s' their values at 
any neighbouring state, we must have at every point 
(88) u'-Ts' + pv'> u-Ts +pv. 

Now let the enei^ « be expressed as a function of the entropy s 
and volame v. Putting f/ — s -^k, i/ — v = Ji: and expanding u in 
powers of h, k by Taylor's Theorem we find to the second order in h, k 
(«' - Ts' + pv') - (« - Ts + pv) 

For equilibrium the terms of the first order vanish; for stability 
those of the second order are positive. Therefore for equilibrium 

and for stability 

(90) |^>0, 't^>0, f4^-(/^)'>0. 

^ ' OS' pu' 'tis' ov* \os8v/ 
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Equ&tioiiB (89) lead to 

du = Tds ~pdv 

in accordance with the Principle of Conservation of Energy and the 
property that a small transformation is reversible to the first order. 
Of the inequalities (90) the first two now give 

(«) ©.>«. &f).<»- 

The third may be written 
(92) "|i'_,"|f<0 

taking s and v as independent variables. Now 
dT = ^-ds + -3~du 



follows as in § 34 that 




ar dp dT dp 

f8T\ Ss~ 8v H^ 8s 


8T 8p 8T dp 
(dp\ ~ds Wv dv 8s 
[dvJT 8T 
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and therefore (91), (92) are equivalent to the four statements 

©.>»' m>0' (!!),<». (If).«'- 

These signify that 

The addition of heat at constant pressure or at cottstani volume 
raises the temperature; that is the specific heats ai constant volume and 
pressure are positive (§ 11). 

The increase of pressure at constant temperature or entropy decreases 
(he volume, thai is the moduli of dasticity at constant temperature or 
entropy are positive (§ 14). 

These conditions are obvious from general considerations. 

d3. When the pressures are everywhere ia eqnilibpinm the 

expressions for the variation of the available energy in the presence 
of a medium of temperature T^ take the form 



inbsti 
! em 
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heat is y, and temperature T,, the available energy obtainable in 
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redacing it to a aniform temperature Tq by reversible means is 
therefore given by 



A= ft 



my[l-^-jdT. 

Here y mast be taken to be tlie specific heat at constant pressure 
or constant volame according as the external conditions are those 
of § 90 or § 91. 

This is all the available energy obtainj^le from the system 
(unless the final state is uQBtable or the stable state ia not 
nnique, § 89 (a) or other variations may take place). We may say 
that the arailiAle energy in the final state is zero. If SMfijed to the 
assumed conditions a medium of temperature different to jT^, were 
procured, the conditions would be altered and further energy would 
be tendered available. 

If the body is colder than the surrounding medium (T^ < T^ 
the expression for the available energy obtainable in bringing it to 
temperature T^ may be thrown into the form 



=/».f^-i)«- 



and since Tg> T throughout the integration A is again positive. Thus 
available energy is obtainable from a cold body such as a glacier; 
conversely to cool a body below the temperature of the surrounding 
air, as in the manufacture of artificial ice, available energy must be 
supplied from without, by means of a steam engine or otherwise. 

94. System enclosed iu a rigid envelope impervious to heat. — 
Gibbs' First Condition of Stability. The work done by the expansions 
of the different parts of the system is equal to 

subject to the condition ^, dFr— 0. 

To estimate the available energy which can be converted into 
work by expansion and transference of heat between different parts 
of the system, assume an auxiliary body at temperature T^, and in 
the first place suppose heat is transferred between the various bodies 
of the system and the auxiliary body by means of Carnot's cycles. 

If dQr is the quantity of heat, dS^ the quantity of entropy 
taken from the rth body then a quantity of heat dQ^x y~ '^ given 
to the auxiliary body and the amount of work done is 
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and ^ 

(93) dA=^dQr(l~^'j+^pdK. 

If the total quantity of heat received in any time- interval by 
the auxiliary body is made equal to zero, the auxiliary body may 
be removed, and if the volume be kept constant the conditions will 
be those of a system completely closed from outside influence. Equating 
to zero the heat received by the auxiliary body we have 

0-^dQr^ = T.^dS,^ T^dS 

whence 

S = constant 
also 

(94) dA-^dQ, + ^pdr,. 
For equilibrium dA = subject to 

(95) . 2^^-=*» ^«i ^dVr^O. 
This requires the obvioaa conditions 

Ti=T^ Tr and pi=pt pr 

and the maximum work obtainable under these conditions is 



A-^f{dQ, + p,dVr). 



Since dQr here represents beat taken horn the rth body instead 
of heat given to that body, dQr is equal and of opposite sign to the 
ordinary dQ of thermodynamics, and therefore dQr + PrdVr= —dür, 
and the expression for the available enei^ becomes 

(96) Ä^-^fäUr-^-fdü^ü-U^ (say) 

the integration being made along an isentropic path from the given 
state to the state in which the enei^y Uq is a minimum subject to 
the condition of constant entropy. 

The condition for stable equilibrium requires that the available 
energy shall be a minimum, and therefore that the total energy Ü 
shall be a minimum for variations which keep the entropy S constant. 
This is one of the two alternative conditions of stabiUty of an isolated 
system given by Gibbs in the following statement: — 

For the equilibrium of any isolated system it is necessary and 
su^cient that 
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(1) for (M variations of the system which do not alter its energy, 
the variation of its entropy shall be either zero or negative 

(2) for all variations of Ute system which do not älter its entropy 
tlie variation of its energy shall be either zero or positive. 

la other words 
(97) i^S)v£0 or (3ü)s^0. 

95. dibbs' Second Condition of Stability. Let any system be 
isolated from all external inflnencea for any given interval of time. 
If the parts of the system are cot in equilibrium amongst themselves, 
irreversible changes will occnr in the internal state of the aystem, 
and the principle of degradation of energy states that these changes 
will be of such a character as to decrease and never to increase the 
available energy which the system would have when subjected to 
given external conditions. 

Now we have obtained for the available energy of a system of 
constant volnme in the presence of an indefinitely extended medium 
at temperature jTq the form 

A^(U- T^S) - ((7o ~ r,s„} 

according to whether the pressure of the medium or the volume of 
the system is kept constant. 

For changes which take place in the interior of the system alone, 
the total enei^y U remains constant. The only quantity which can 
vary is the entropy S, and we see that the changes of entropy and 
available energy are connected by the relation 
dA = - T^SS. 

Since A tends to decrease S tends to increase, and hence in the 
position of stable equilibrium in which A ib a minimum for constant 
CJ, S ia St maximum as stated by Gibbs. 

The expression T^(Sg— S) subject to U = U^ represents the 
amount of work which may be made available subject to the conditions 
that no energy either in the form of heat or of work is to leave the 
system as a whole. 

In the previous article it was assumed that no heat waa gained 
or lost by the auxiliary body. The present expression, on the other 
hand, assumes that no heat is gained or lost by the system. The 
energy which is made available in the form of work is really taken 
from the auxiliary body by transformations compensating the trans- 
formations of heat from the hotter to the colder parts of the system. 

It will thus be seen that the available energy of an isolated 
system, though it appears at first sight to be simpler, is really more 
difficult to evaluate than that of a system in the presence of a 
thermically homogeneous medium, under either hypothesis it is 
doubtful how far the system can be correctly described as isolated, 
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for, strictly speaking, this term implies that it can exert no outside 
inflnencea whatever. At the eame time irreversible changes may 
occur in the interior of the system; what we, do know is that if 
communication be established with the outside in any given way, 
the energy thus rendered aTailable will be greater before than after 
the changes. 

Again, the energy which is available in a system which is more 
or less isolated is necessarily not greater than its available energy in 
the presence of a medium T^. For we may always in the latter 
case assume the system to undergo the same transformation as if 
the medium were absent, and if the final temperature which it 
reaches under that condition is different from I^ there will still be 
available energy between the system and the medium. 

96. Lord Kehin's EspressiOBS. The expressions of § 94 for tie 
available energy of an isolated system have been thrown into a 
simpler form by Lord Kdvin in the particular case in which the 
pressures are in equilibrium amongst themselves (ao that the work of 
expansion is zero), and the heat capacities of the various portions 
remain constant throughout the range of temperatures concerned. 
Taking the equations (94), (95) which now become 

and supposing Pr to be the total capacity for heat of the rih body 
and I the final temperature, we obtain 

or since Fr is constant 

\ogT^^-^. A^2^r.T.~T2,rr. 

In the case of two bodies of equal thermal capacity 

ii = ij — g 

where F is the thermal capacity of the whole. Lord Kelvin finds 
T^ViT^T^), ^ = y(l/2\^l/2;)^ 
In the general case an equally simple result can be obtained by 
dividing the system into a number of parts or elements whose 
capacities for heat are equal. If « is the number of parts and F 
the total capacity for heat of the system, we write 

Fj = Fl, ^"^^ 

in the above equations and obtain 
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T^{T^, Ta, . . . 2;)^= geom T, 

r, + r, + ■ ■ . + r„ 
A = r- — —^ rr=.r(armr-georar} 

where arm T and geom T denot« the arithmetic and geometric 
means of the initial temperatures. 

The preciBe meaning of this result is as follows: 
When the system is brought to a common temperature by 
reversible processes, that final temperature is the geometric mean of 
the initial temperatures. If it is allowed to come to a common 
temperature by heat conduction between the several parts thereby 
losing all its available energy, that common temperature will be the 
arithmetic mean of those of the parts. The available energy is equal 
to the quantity of heat required to raise the temperature of the 
system from the final value it would obtain by reversible processes 
to the value it would obtain by irreversible conduction. 



CHAPTER IX. 

THERMODYNAMIC POTENTIALS. 

97. TheFmodynamic Potentials of a Simple Sysf«m. In this 
chapter we shall consider the statics of an ideal thermodynamic system, 
and shall show that the properties of such a system when in equilibrium 
are completely determined by a single function of the independent 
variables required to define the state of the system. We start with 
equation (83) of the preceding chapter, 

dJJ '=^ IdS - dW, 
and we observe that this relation holds (a) for reversible trans- 
formations in which the system remains thermically homogeneous, 
and (b) in general for small displacements from a state of equilibrium, 
the uniformity of temperature being a necessary condition of equi- 
librium (§§ 88, 94). 

Taking now a homogeneous fluid as the type of a simple system, 
we write dW = pdV, and therefore dü= IdS — pdV whence 

It follows that if the volume V and entropy S are chosen as 
the two independent variables specifying the state of the system and 
if U=%sf where 5si' is a known function of S and V, the 
temperature and pressure are given by the two partial differential 
coefficients of this function {the second with its sign changed). 
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92 IX. THERMODYNAMIC POTENTIALS. 

For this choice of independent variables the energy, therefore, 
plays the part of a poteDtial function and may be regarded as the 
thermodynamic potential of the system. 

We can compare these results with the analogous relations in 
statics; S and V will represent the generalised poBttioa coordinates 
of a system, — T and p with the corresponding force -coordinates. 
Or again in the kinetic analogue S and V will represent generalised 
velocities, T and ~p the corresponding momenta or impulse- 
coordinates. 

In practice it is usually more convenient to take the temperature 
instead of the entropy as an independent variable, and Bometimes the 
pressure instead of the volume, and in such cases we use a "modified 
function" in place of the fnuction Ü. 

Let V and T be the independent variables and put 



(99) 


%TV-U-ST 


then 


il%„-dü- TdS-SdT 


leading to 


--SdT-pdV 


(100) 


-jf s. -jr--''- 


Again taking 


p and T as independent variables put 


(101) 


^TP=ü-ST + pV 



<ig„ SdT+ Ydp 

(.02) ^'=-5, !|-'- + F. 

Finally if S and p are independent variables and if 
(103) g„_r7 + j,7 

we gel d%,r — IdS + Ydp, 

im ^--'=., !|.'=K 

The four functions '^sv, %rv, %tp, %sp are thermodynamic 
potentials of the system for the corresponding pairs of independent 
variables. As however the second and third are the most commonly 
used, they will be denoted for shortness by 5^■ ^^i^ %Pt ä^*! called 
the thermodynamiccd potentials for given volume and presstire respectively, 
the other variable being taken to be the temperature unlesB the 
entropy is actually specified. 

When instead of the whole body we wish to refer to a unit 
mass of the working substance we use small letters to denote the 
volume, energy and entropy, and these are got by dividing the 

XJ^^C^<)- E.>»»~^, „„„.Google 



SIMPLE AND COMPOUND SYSTEMS. 93 

cor responding quantities for the whole body by tbe mass. We shall 

denote the corresponding thermodynamic potentials per unit mass by 

f„ or M, g, or f„ g, or f^ and %, or f. 

As the small suffixes are sufficient to distinguish the potentials 
of unit mass from the potentials of the whole body, it is immaterial 
whether a capital % or small f is used. 

The fundamental property common to each of the thermodynamic 
potentials viz: that all the coefficients which determine the physical and 
mechanical properties of a body are hnotvn when a certain function of 
the independent variables which define the state of the hody is known, 
was enunciated by F. Massieu in 1869 — 1876, who gave the name 
charaderistic fimdion to such functions. 

98. Systems with any nnmber of degrees of Freedom. Let us 
now consider a thermically homogeneous system with n degrees of 
mechanical freedom. The state of such a system is completely 
specified by its n generalised coordinates, x^, x^, x^, . . . Xa and either 
its absolnte temperature T or its entropy S. If X^, Xj, . . • Xn are 
the generalised force components corresponding to Xj, x^, . . . Xn the 
external work done in any displacement is 

dW=X^dx^■i•Xsdx^-i■■■■+ X„dx„. 

From (83) 

(105) dU= TdS- X^dxi-X^dx^ X„dx„ 

giving for independent variables 5, x^, x^, . . . if 5*1= Ü, 

TW - •" ' Ti7 — ^" 
Taking in like manner 

^r.-U- IS, 

we have for the corresponding choices of variables 
ä5„ „ 88,1 , . 



We may also construct other modified forms of thermodynamic 
potential for cases in which it is convenient to take some of the 
independent variables to be coordinates and some to be force 
eomponents. 

^f" Kp.-»") - F^ -SMJiA^, - .Google 



94 IX. THERMODYNAMIC POTENTIALS. 

99. Number of Arbitrary Constants in tbe Potentials. The energy 
and entropy of a System each inToNe an unknown arbitrary constant 
dependent on the fact that we are only able to take cognisance of 
changes of their values and that we cannot form a definite conception 
of a state of zero energy or entropy. 

Consequently the thermodynamic potentials in which the tem- 
perature is an independent variable contain two arbitrary constants 
enteriag in the form a + bT. 

If we agree to choose an arbitrary zero of energy and entropy, 
i. e. to make the entropy and energy zero in a state which is capable 
of eiperimental realisation, the constants disappear. 

Whether a state at absolute zero of temperature can be taken 
as that of zero entropy depends on whether the heat capacity tends 
to a finite limit or to zero as the temperature approatihes zero. If 
the former the entropy at absolute zero will be minna infinity. 

100. Connection with available energy; Helmholta's "Free 
Energy". If we compare the expressions for %ir and %p with the 
expressions of §g 90,91 we see that by a proper choice of the arbitrary 
constants mentioned above gj- becomes the available energy of the 
system in the presence of a medium of the same temperature as itself, 
and %p becomes its available energy in the presence of a medium of 
the same temperature ami pressure as itself. The difi'erence is that in 
§§ 90, 91 we do not necessarily suppose the temperature and pressure 
of the system to be the same as those of the medium, bo that our 
expressions there obtained are of a more general character. When 
the system has come into a state of equilibrium with the surrounding 
medium its available energy will be equal to ^y or %p as the case 
may be ^), or will differ from these functions by the arbitrary 
constants a -\-hT. 

In the case of a compound system, a method of proof identical 
with those of §§ 90, 91 shows that the available energy relative to a 
medium Tj, is of the form 

or 

_ D-- P.-i.(s-s.)+_2^o{a;-«.) 

1) TbiB Btatement leads to little difficulty in connection with §§ 90,91 in 
which we have assumed the zero of available energy to be obtained when the 
tempeiaturs (and pressure) of the system are the same aa those of the medium, 
Tbe fact is that many writers have deduced the conditions of thermodynamic 
equilibrium from the consideration of isothermal displacements alone, and for 
8Dch displacements the thermodynamic potentials sufScteutlf determine the 
variations of available energy (or "free energy" in the senae adopted bv 
Helmholtz). 
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according as the coordinates or the external forces Xg . . . are 

maintained constant It is easy to see that a similar connection here 
exists between the fuactions %tx aJid ^rx and the corresponding 
available energies of the system subject to the limitation that equilibrium 
exists between the system and medium. 

The potential grr or ^ri is the function used by Rdniholts 
nuder the name of "free energy". This potential is known as the 
inner tliermodynamic potential by Dithem while the other potential 
Srp or jjrx is called the total thermodynamical potential. 

101. Thermodynamic Surfaces. A fanetion of one or more variables 
is not necessarily expressible in terms of those variables by any 
symbolic formula, however complicated, hence we are not justified 
in assuming a priori that a thermodynamic potential is so expressible 
in terms of the variables which are chosen to define the state of the 
system. In a simple system, where we have only two independent 
variables, and one dependent variable, namely the corresponding 
thermodynamic potential, we may take these as represented by the 
three rectangular coordinates of a point, and the locus of this point 
will be a geometric surface which is called a thermodynamic surface. 

Taking a unit mass of a working substance, the surface obtained 
by taking {v, s, m) as coordinates is known as GUibs' thermodynamic 
model of the substance, and has been constructed for various actual 
substances from experimental considerations. Taking z, y, z aa the 
axes of V, s, u respectively, the polar reciprocal with respect to 
y^ = 2z keeping it constant gives the corresponding (v, T, %e) surface 
and the reciprocal with respect to a:* + y* = 2z gives the {p, T, Jp) 
surface as will be shown later. 

The condition of stabiUty of § 92 also receives a simple geometric 
interpretation in connection with the (v, s, u) surface. It represents 
the condition that the surface in the neighbourhood of any point 
shall be below the tangent at that point, i. e. shall be concave up- 
wards if the axis of m is drawn upwards. 

102. Thermodtnamical potentials of an Elastic Solid. In the 

theory of elasticity, the state of strain of a body at any point is 
determined by six components (ii, e,,, s,, y^, yy, f;), connected with 
the three displacements (|, 93, g) of the point (x, y, z) by six rela- 
tions of the forma 

On the other hand the state of stress is defined by six com- 
ponents {0^, <Sy, G,, Zxi ^s> ^j) so chosen that in any small displacement 
the work done referred to unit volume of the undeformed body at 
the point (x, y, z) is e^ds^ + ff^de^ -|- e,de, -f «id y, -1- Xydy^ + r,dy.. 
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96 IX. THEBMODTNÄMIC POTENTIALS. 

To refer this to uDit mass instead of to nuit volume we have 
to divide by q the deositj of the body in its original nndeforined 
state, and taking u as the energy per noit mass, we have 

du = Tds + '- (y^odö + y^-'dy) ■ 

Here ^u is the elastic potential of unit volume at constant 
entropy, giving for adiabatic changes 






9 

the differentiations being made on the supposition that the entropy 
is constant. This condition holds in the case of rapid vibrations in 
which no heat passes between the parts of the body. 

Introducing the thermodynamic potential ^,, namely 

8,-«-«, 

we have 

leading to ,.^^ . 



/»S.N (-»S.N 

njrj, -'■■■■■■ ^W.l- 



the condition T — constant during partial differentiation showing that 
^, is the proper elastic potential to use for slow displacements where 
the temperature remains constant. 

If the stress components are given the potential functions to be 
used are obtained by subtracting from u and ^, the espression 

--(ox«« + «J,«,, + S.B, + T^y^ + Tj,y, + T,y,) 

and the corresponding potentials may be denoted by %sa &Qd ^ra 

respectively, or for brevity gs and %t- We shall have 

1 ^^sa 1 ^&SD 
for adiabatic changes «i = g — -> Vi^ — 1 

for isothermal changes 6^= ^— j y, = ^ 

In the case of simple traction parallel to the axis of x, we have 
"jF, Ol, tx, ^s, ti each equal to zero, and the corresponding value of 
tj./e, derived from the potential JJio represents the ordinary modulus 
of elasticity (Young's modulus). It is also to be observed that in 
the ordinary theory of elasticity where small displacements are only 
taken into account, so that the stresses are assumed for the purposes 
of calculation to be linear functions of the strains and conversely, 
the potential functions are quadratic functions of the strains or 
stresses according to the choice of coordinates, and the entropy of 
unit mass must therefore be also a homogeneous quadratic function 
of the same variables, plus a constant. 
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CHAPTER X. 

APPLICATION OP THERMODYNAMICS TO BADIATION. 

103. Black body radiations. The principle of degradation of 
energy is eeseutially baaed on onr knowledge of phenomena associated 
with matter. The motions of the celestial bodies, and the propagation 
of light wa?es which reach the Earth from distant stars afford 
evidence that in the ether no such degradation of energy takes place, 
or, if degradation exist, it is immeasurably smaller than what occurs in 
the phenomena of material bodies. 

While radiation may follow a body in a particular direction, the 
radiation emitted by a body is equally distributed in all directions. 
It follows that when the ether is traversed by radiation which is 
unequally distributed as regards direction no state of beat equilibrium 
can exist between the ether and a material body, and the notion of 
temperature at a point which is the same in all directions becomes 
inapplicable to the ether. Even if the heat absorbed and emitted 
by a body are equal in amonnt, they are different in direction, so 
that this condition, so far from representing an equilibrium state, 
corresponds to a steady irreversible transformation. 

For heat equilibrium to exist between a body and the ether it 
is necessary that the radiation should be equally distributed in all 
directions, and that the intensity of the total radiation falling on the 
body should be equal to that of the radiation emitted by the body. 
If we imagine a body of uniform temperature containing a cavity 
unoccupied by matter this state of equilibrium will soon be attained 
and the intensity of the radiation inside the cavity will be the 
intensity of radiation of a "black body" of equal temperature. In 
this way a black body is capable of experimental realisation, and 
its radiation has been studied by Lammer, Wien, Pringsheim 
and others. 

In many of the previous discussions it has been tacitly assumed 
that when heat passes from a hot to a cold body the transfer takes 
place instantaneonsly, and this is virtually equivalent to assuming 
that the beat capacity of the ether may be neglected. There is no 
a priori reaeon for asserting that heat could not be made to pass 
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100 X. APPLICATION OF THERMODYNAMICS TO RADIATION. 

from a coH to a hot body, and perpetiial availftbility thus obtained, 
if it were possible to produce a suitable series of changes during the 
small time- intervals occupied by radiation in travelling from one 
body to the other. If such a possibility existed, it would be dif&cnlt 
if not impossible to put in practical working, and would in no way 
vitiate the validity of the principles of thermodynamics as applied 
to a large and important class of phenomena in which they would 
still hold good. 

The only way of dealing with this point is to ask in the 
first instance the question: If the principle of degradation of energy 
still holds good what consequences are logically deduoible from it? 
When this question has been answered the next step in the enquiry 
is to ascertain whether these consequences are in i^preement with 
experiment. 

104. Existenc« of radiation pressure. Now the first result arising 
out of this mode of reasoning is the existence of pressure due to 
radiation. 

For let iS be a perfectly reflecting tobe, near the ends of which 
are placed perfectly refiecting partitions C, D, the space between 
which is devoid of radiation. Let a colder body B and warmer body 
Ä be placed in the two ends, and let the partition I) he opened. 
Then radiation from B will pass 
into the tube until an equili- 
brium state is attained. If D 
be closed and S opened this 
radiation will certainly pass to- 
yig. it wards the warmer body A, but 

A will send radiation of greater 
intensity into the cavity so that heat will not ae yet pass from the 
colder to the warmer body. 

But if the plug D be moved up to the end C, the heat from B 
■ will be transferred to A. 

If we assume that this case does not afford an exception to the 
principle of degradation of energy, available energy must be supplied 
fr^m without, and the only form which this energy can assume is 
that of work done in moving the plug from D to C. The radiation 
must therefore exert a pressure on the plug. 

Now the existence of such a radiation- pressure is verified by 
experiment as well as by theoretical considerations which are in- 
dependent of the laws of thermodynamics, in connection with the 
electromagnetic theory of light. We may regard this result as a 
first step towards proving that it is impossible to restore lost availability 
by means of the ether. 
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105. Boltzmann'B InvestigatioQ. We may now following tKe 
metliods of SoÜzmann constnict a Garnet's cycle for tbe ether or 
"ether engine" as follows: 

Let KC be a perfectly 
reflecting tabe containing a per- 
fectly reflecting piston C, and 
devoid of matter, A a hotter 
and JS a colder radiating body. 

(1) The piston being at 
the end K, let it be placed in 
contact with A, and let the fib.is. 
piston move outwards slowly, 

the space behind absorbing radiation irom A and work being done 
by the radiation pressure. 

(2) Let the body A be removed and the end K closed to further 
radiation. Let the piston move oat wards nntil the intensity of 
radiation has diminished till it is exactly in equilibrium with that 
emitted by B. 

(3) Let the body B be placed at the end K and the plag C 
pushed in antil it is in contact with B, the whole radiation inside 
the tnfae being absorbed by B. 

(4) Let the body A be snbstitated for B. 

By applying the laws of thermodjuamic« to this cycle Boltz- 
mann obtaiued an important relation connecting the energy of 
radiation per unit volume, the radiatiou pressure, and the temperature 
of the radiating body. 

Suppose when the temperature of the radiating body is T, that 
the energy of radiation per unit volume in the ether, when equilibrium 
has been estabUshed is iji, and the radiation pressure is f. 

Let r,, Tj be the temperatures of the source and refrigerator, 
Vi, Vj the volumes of the space enclosed by C at the beginning and 
end of the second process which is an adiabatic transformation. 

The energy received by the medium in the first step is ^^v^ 
and the work done in expansion is /"^r,. Hence the total heat received 
from A is {/", + i>i)Vi. ', 

In the second step the work of expansion is equal to f fdv 
and is eqaal to the loss of radiant energy ^,v, — ^gV^. "' 

In the third stt^ the work of compression is /^v, and the total 
heat received by B is (^s+ ^j)!»». 

The principle of conservation of energy applied to the second 
process thus gives ^ 

(106) t^Vi- H^.v^^ffdv. 
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While the analytical expresBion for the BecontI law (the cycle 
being reTeraible) namely 

«L ft 
r, r, 
gives 

(107) M^.Vfdl*). 

EqnatiosB (106), (107) involye the Tolume v and are only trne 
for adiabatic proceeses. By eUminating v we get a relation which is 
not Bubject to this restriction, f and i/r being only fanctione of T. 
Making T, — Tj an infinitesimal of the firat order in (106), (107) 
we hare 

fdv = — vd^ — ^dv, 

T{(f+ il>)dv + vdif+ i>)} -v(f+ ^)dr= 0. 
Eliminating — &om these equations we have 

(108) Tdf-(f+il>)äT=0 
which is Boltzmann's Equation. 

106. Stefan's Law. If we assume with Maxwdl that the radiation 
pressure is eqaal to one -third the energy per unit volume, that is 

/■= i-^ we get TdM> = ^i>dT or 

(109) fxT* 

or the enei^ per unit volume in the ether in the presence of a 
"black body" varies as the fourth power of the temperature. 

This is known as Stefan's Law and has been verified experi- 
mentally. Conversely if Stefan's Law and the formula for the radiation 
pressure be aesumed as the result of experiment, we have a con- 
firmation of our assumption that the laws of thermodynamics are 
applicable to the ether. 

According to Stefan's law, the heat capacity of the ether per 
unit volume oc T^. Under these conditions we may state that the 
temperature of the ether is T, this being the temperature of a "black 
body" in thermal equilibrium with the ether, and the radiation being 
assumed to be equtJly distributed in all directions. 

Stefan's law is not a pure deduction from thermodynamical 
principles, for if we had assumed f=^ instead of -rr^ we should 
have found j/» oc y^ instead of T*. But if Stefan's Law be aesumed 
it affords a measure of absolute temperature which is independent of 
any material body. 
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107. Entropy of black body radiation. If, following the old 
practice, we define entropy for revereible processes by the relation 
dS = -^> the entropy, per unit volume, of black body radiation may 
be obtained by considering a black cavity the temperature of whose 
waJls is gradually raised from the absolute zero to temperature T. 
Assuming Stefim's Law ili = kT^ this gives 



(110) «'-/t- 



where 8' represents entropy per unit volume. 

Ileferred to auxiliary temperature T, this represents a quantity 
of unavailable energy — ^. Of this quantity i/i represents the actual 
energy of the cavity, and the remainder — ^ is equal to f and 
represents unavailable energy arising out uf the radiation pressure. 
It is obvious that if we wish to transfer the energy of the cavity to 
a body at temperature T, work ^ must be done by the radiation 
pressure, so that the total enei^y transferred which is unavailable at 
temperature T is equal to ^ + /. 

If however we start with the second definition of entropy, it 
follows conversely that the entropy of the black cavity radiation is 
in every instance equal to ^~ — j and this conclusion is independent 
of Ste&m's Law. 

lOS. Impossibility of increasing availability by optical methods. 
If it were possible to cause heat to pass from a colder body to a 
hotter one by means of burning glasses, concave mirrors or indeed 
any optical combination, we should have an exception to the principle 
of degradation of energy, and should find it easy to obtain energy 
in the form of work from a thermically homogeneous system. That 
this is impossible was shown originally by Clatisius in the case in 
which the extreme media were the same; and it was also shown that 
if the conclusion applies equally when the extreme media are different, 
then the intensity of emission of a body in any medium must be 
proportional to the square of the refractive index for that medium.') 

When a ray &lls oa a surface separating two media, part is 
refiected and part refracted. It is obvious that the existence of the 
reflected portion reduces the efficiency of a burning glass for the 



I) Fogg. Ann. CXXI (1861) 1. As an eiample of the property, it would 
be impoBBible to heat a body to a higher temperature than the Sun by con- 
centrating the Sun's rays with a, burniug glass, even il atmOBpheric absorption 
did not exist. 
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purpose of concentratiog heat, and it ie to be noticed, farther, that 
the Bplitting of the incident ray into two parts is in general irre- 
versible-, for, taking light of a certain definite wave length, a definite 
relation exists between the amplitudes, phases and polarisation of the 
reflected and refracted components, and unless this relation were 
preserved when the paths of the rays were reversed, they would not 
recombine to form a single*ray. If such recombination were possible 
in the case of radiations emitted by different bodies we might have 
a means of restoring lost availability. We shall therefore assume, 
to shorten the discussion, that the loss of ayailability can in no 
case be less than it would he in the case of purely hypothetical 
media which refracted the whole of the incident light. Such a 
medium we might call a "perfect refractor", a "perfect reflector" 
being similarly defined with reference to reflection. 

Let ds and ds' be elements of area of two radiating surfaces, 
and suppose that the rays from a point on ds which reach the 
element ds' lie within a cone of solid angle da' whose axis makes 
an angle s with the normal to ds. Then if / be the intensity of 
normal radiation from ds, the total quantity of radiation falling on 
ds' is 

(111) dQ^ 2 cose dads. 

With corresponding notation for the element ds', if dQ' denote 
the quantity of radiation received from ds on ds', 

dQ' ^ I' cos s' dto'ds'. 

The condition that dQ = dQ' requires that 

J cos s dmds = I' cos e'da'ds'. 

If the extreme media are the same, /, I' are, for perfectly 
radiating bodies, functions of the temperature alone, and in order 
that heat equilibrium may represent equality of temperature we have 
to prove the relation 

(112) cos edmds = cos e'da'ds'. 

In the ease of direct radiation through a homogeneous medium 
if r be the distance between the elements 

-, ds'cOit' , , ^ ds COB t 

COS Bdads — cos e'dm'ds'. 
It follows from this that the ratio 

eo8 idiäds 
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is equal to unity for all pairs of points in the case of rectilinear 
propagation of light in a hotnogeneons tnedinm. We may say that 
the product of the cross section ds' cos s' into the solid angle da' 
of a pencil is invariant at all points of its course in the same medium. 

109. Case of a perfect refractor. It now remains to show how 
this ratio is altered at a reflecting or refracting surface. 

Let da be any element of the refractive surface, ;*, ft' the indices 
of refraction, q>, g)' the angles of incidence and refraction, if the 
azimnthal angle measnred about the normal. 

Then the solid angles dca, dm' of a small pencil before incidence 
and refraction may be taken to be 

da = sin (pdipd^, rf<a' = sin fp'dtp'di>'. 

But . , . , 

ft sin <f) = (i ivaip , 

■ ' ■ fi coa <pd<p — fi' cos <p'd^', 

■ '■ fi^ Gosipdiadif = [i'* Gosfp'dada 

so that the ratio of the differentials 

COS tp'dm'de' II* 

and when dQ = dQ' we must have 

(113) 4 = 4i- 

By extending thie result to any number of reflections and 
refractions, we see that the ratio 



(i' COB cdtods 
at any two points traversed by the rays is equal to unity, or the 
product of the cross section 
into the solid angle of a 
pencil at any point is in- 
versely proportional to the 
square of the refractive 
index (Fig. 16). 

It should be noticed 
that HdmfuM^s formula for 
the m^nificatioD of an 
optical combination is con- 
tained in this result. 

110. Entropy of directed radiation. From the last article it 
follows that if radiation of intensity / is emitted in a medium of 
index ft, the quantity -y is an invariant in the sense that it represents 
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a quality of the radiation which is unaltered by perfect reflection or 
refraction or direct propagation So long as this is the case the trans- 
mission of the raya does not necessarily involve passage from a hotter 
to a colder body. 

If we imagine a perfectly black body of finite size emitting 
radiation, then at any distant point the directions of the rays will 
be confined to the solid angle which the body subtends at that point. 
By means of a suitable combination of perfect reflectors or refractors 
or both we may regard it as theoretically possible to make any 
portion of the rays converge into a smaller area in sach a way that 
this solid angle is increased to 2n. When this is the case there 
will be equilibrium of radiation at the surface of convergence if the 
temperature of a body placed there is equal to that of the source. 

On the other hand, if the source begins to send out radiation 
into empty space, radiation pressure will be set up where it did not 
previously exist, representing an increase of nnavailable enei^ and, 
therefore, of entropy. 

The entropy per unit volume at any point of the ether is a 
measurable quantity in the case of a radiating sphere surrounded by 
a perfectly refiectiug concentric spherical surface. This case differs 
from the previous one in that we have everywhere to deal ^ith 
emitted and reflected radiation of equal intensity confined, within the 
same limits of direction. 

If the radius of the reflecting sphere is decreased from r to 
r — dr, the radiation between these distances will be absorbed by 
the source, uid work will be done against the radiation pressure. 
It follows that the entropy per unit volume again takes the form of 
§ 107, viz S = —f -- where »/' is the total intensity of radiation, f 
the radiation pressure, and T the temperature of a perfectly black 
body emitting radiation of the intensity in question. 

111. Snmmary of irreversible radiation phenomena. The irre- 
versible processes connected with radiation may generally be sammed 

up in Planck's statement that emission tvühotä simtUtaneous absorption 
is possible but irreversible, absorption without simultaneous emission is 



Although the generation of entropy due to oatward radiation 
considered in the last article may be naturally regarded as taking 
place in the ether, it will be seen that the change is really a direct 
consequence of this assumption. If it were possible to conceive a 
body at temperature T capable of absorbing without emitting the 
radiation due to that temperature, any portion of the ether could be 
cleared of radiation without doing work against radiation-pressure, and 
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without involving passage of heat from a hotter to a colder bodj, 
BO that the gain of entropy in question would then cease to exist. 

Another case of irreversibility occurs when a body abeorbs 
radiation in certain directions and emitB radiation in all ontward 
directions vrithont gaining or losing heat on the whole. Here the 
invariant of the radiation is changed, and the scattering of light by 
small particles affords a ^miliar instance. 

A third caae, not yet considered, arises in connection with 
imperfectly radiating or absorbing bodies. A discussion of snch 
bodies will be found in elementary treatises on light and need not 
. be given here. For our purpose the phenomena are snfdciently 
represented by considering that the invariant of the emitted radiation 
is the same as that of a perfectly black body of lotver temperature 
while the invariant of the absorbed radiation is the same as that of 
a perfectly black body of higher temperature. The irreversible 
changes are thus measnrahle in terms of heat taken trom a higher 
to a lower temperature, and therefore they define increases of entropy. 

All these cases are covered by Planck's general statement quoted 
above. Whether aU the irreversible phenomena of the universe can 
be deduced from this statement by the consideration of intermoleenlar 
radiations is a diffienlt question to uiswer, especially in connection 
with such phenomena as diffusion of gases. 

Mote. In this chapter no attempt has been made to give a 
complete account of the thermodynamic« of radiation. The proof of 
Maxwell's expression for the radiation, and all considerations relating 
to the distribntion of light- waves of different frequency in black 
cavity radiations have been omitted. For a full discussion of these 
and other questions, and further considerations relating to the entropy 
of radiation especially as treated from a statistical stand- point the 
reader is referred to Dr. Planck's recent treatise.') 



CHAPTEK XI. 

THERMODYNAMIC FORMULAE OF A SIMPLE SYSTEM. 
[CHAPTER ni SHOULD BE REVISED BEFORE PROCEEDING FURTHER.] 

112. Deductions from the First Law. In Chapter III we showed 
that the various thermal differential coefficients of a body are not 
all independent but are connected by the formulae of the Differential 
Calculus for change of the independent variablec'^e laws of thermo- 

1) Vorleaungen übet die Theorie der Wänneatralilungen, Leipzig, Barth, 1906. 
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dynamics iatrodace two new quantities, namely, intrineic energy and 
entropy, and differential coefficients involvii^ these qaantities fall 
under the general formulae there discnssed. 

We now have, however, the further properties that in reversible 
changes dQ—dW and -^- are perfect differentials of these two 
qnantities, and we may apply the well known analytical theorem, 
that if Mdx + Ndy is a perfect differential then -s— => ^— ■ 

Applying this property to dQ — dW and assmning x and y to 
be independent variables by which the state of the body is defined, 
Clausins gives the formnla 

^ ' dx dy dy "Wx^^ Zj! dy dy dx ' 

Taking a unit mass of finid as a simple system we may put 
dW^pdv, and for the added heat which we now call dq, if we 
write as in Chap. Ill 

(27) dq=l,dv ■^Yr.dT, 

(28) dg = Ipdp + y^dT, 
(30) dq = Mdv+Ndp, 
we obtain the particular forms 



BT ~ dv' 



(U5) 

(116) "ÜLt^ =^''^ 

^^^^^ dT dp' 

(117) w--^^^' 

and since each of th«ie expresses the condition that the same expression 
shonld be a perfect differential, each is analytieally deducible from 
the others as can be readily verified. 

113. Dednctions from the Second Law. Again making -^ a perfect 
differential, we obtain in the first place Clausius' formula 

*• -' dx dy dy das^ T \di J^ dy dxj 

and in the second place the particular forme 

Zl L dv 

dN dm N0T M dT 
(121) Sv '^^ T dv T dp' 
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Combining these witL the previous set of equations we obtain 

^ -' \8x dy dy dx) '^ dy dy dx 

(124) (la— T' 

(126) m"-n'S-T. 

From (115), (123) and (116), (124) we deduce further, the relations 

which are of ase in experimental determinations of Yp and y^. 

114. HaxwRlI's Four Thermodynamic Relatione. The last two 
articles, combined with the results of Chapter III, will show how 
easy it iB to write down an almost endless number of thermodynamic 
formula. In order to evolve order out of the chaos which would 
very soon arise, it is best to introduce the thermodynamic potentials, 
which for unit mass we denote by 

M or f„, f„ fp and f, or %,p. 
Applying the conditions for a perfect differential to the differentials 
of these functions, as given by § 112 and writing -^ for ds 



im mr- 



(129) 



l^\ 



of which (129) is identical with (123) and (130) with (124). Equation 
(123) is moreover the equation (22) given in Chapter II § 29 and 
known as Clapeyron'e Equation. 

These four relations are mutually dependent for if (128) is satisfied 
Tds—pdv is a complete differential, therefore {e.g^ Tds~pdv — d{Ts) 
is a perfect differential giving (129). 
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These relations are known as "Maxmell's foar thermodfaamical 
relations", and they may be readily interpreted in words. 

Attending only to the signs of the differential coefficients, we 
draw the following conclusions. 

(a) If the substamx expands adiabaUcally, the temperature wiU 
increase or decrease as the volume increases, according as addition of 
heat decreases or increases the pressure at constant volume. 

(b) If the siä)stmice is compressed adiabatically, the temperature wül 
increase or decrease with the pressure, according as addition of heat 
increases or decreases the volume at constant pressure. 

(c) If the std>stance expands at constant temperature, it will absorb 
or give out heat as the volume increases, according as the pressttre at 
constant volume increases or decreases with the temperature. 

(d) If the substance is compressed at constant temperature, it tciU. 
absorb or give out heat according as the pressure increases as ths volume 
at constant pressure decreases or increases vntk the terrvperature. 

As an example we may take the case of water below the tem- 
perature of masimnm density. Here when the pressure is kept 
constant the volume decreases as the temperature increases and "con- 
Tersely". Hence (jy) and (-jA are both negative, and the second 

and fourth relations give (^—1 negative and K-- ) positive. We 
conclnde that in such a substance an increase of pressure causes cooling. 

The equations moreover give an esact numerical relation between 
the phenomena correlated by them. For example (124) may be stated 
quantitatively thus: "The latent heat of expansion at constant tem- 
perature is equal to the product of the temperature wtto the rate of 
increase of pressure per unit increase of temperature at constant volume." 

For a system defined by m -j- 1 variables viz: T or S, and either 
the n generalised coordinates x,, x,, . . . x„, or the corresponding 
generalised forces, X,, X,, . . . X„, we get -^(n + l)n independent 
relations from the condition of integrability of the differential of any 
thermodynamic potential. 

We thus obtain the four sets 



(132) 



O«,^ - - 


-©.■ 




=m..: 


(^).,- 


mh 


m... 


-©..• 


(a..= 


-(&),■ 


(ä.k. 


- (j|)r,i 


(11).,.= 


(&).■ 


mx... 


= (ft).,. 
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MAXWELL'S FOUR EELATIONS. 



As a farther example, we may consider the case of an elastic 
wire subject to lougitudinal tension only, here we obtain the following 
relations (see § 102 for notation) 






These equations, like Maxwell's ordinary relations can he tested 
experimentally. For example the laat equation but one asserts that 
a sadden (adiabatic) increase of tension will increase or lower the 
teniperatare of a wire according as the addition of heat produces 
contraction or elongation under constuit tension. The former is the 
case in caoutchouc. 

115. deometrical proo£ Maxwell's four relations may also be 
deduced from the property that the areas of the pressure-volume and 
temperature-entropy digrams corresponding to a Garnet's cycle are 
equal and therefore, substituting these variables in equations (41) 
each member becomes numerically equal to unity. The question of 
sign is easily settled. 

116. Expression in terms of thcrmodynaDiic potentials. A further 
simplification and coordination of formula is effected by expressing 
all the thermodynamic magnitudes in terms of one of the thermo- 
dynamic potentials and its deriTatives with respect to the corresponding 
independent variables. There being four potentials for a simple 
system, every expression can thus be expressed in four different ways, 
and there will be a close analogy between the expressions for (e. g.) 
the specific heat at constant pressure referred to independent variables 
p, T and potential fp^ and the specific heat at constant volume 
referred to independent variables v, T and potential ]„x- For the 
sake of brevity we only consider here expressions in terms of the 
two more important potential functions f„ and fp (referred to onit 
mass) in which the temperature is the other independent variable, 
and these we write side by side in order to being out more clearly 
the kind of principle of duality between them. 

fp- Formulae. 
Specific heat at constant 
pressure 



f,- Formulae. 
Specific heat at constant 



Specific heat at constant 



Yp 



l'^' 



I =Trr 



Specific heat at constant 
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-T 



*s dp ds dp 



{by Chapter III Formnla 40d) 

»\ <>% ( a'f. \' 






moreoTer 

„Urs., 



Latent heat of ezpaoBion, at 
constant temperature 

Vrfc/r -W 

Coefficient of Expansion ander 
constant presanre 

" V \dTl„ 
For constant p we have fonnd 



"IP 

on the other huid a' as jnst defined 
opposite is given by 

, I /dp\ ^vdT 






dp 



(by Chapter III Formula 40 d) 

gp* \Tfdp/ 



jnoreover 



-y,_T 



dT'W p \Tf 3p} 
dp' 



- + T^ 



Latent heat of pressure- vari- 
ation at constant temperature 



h-T"j 



Wfdp 



UpJr dp* 

Temperature Coefficient of 
pressure at constant volume (simi- 
larly defined to a) 

For constant v 



= 



^''j- . ^'p (^\ 



.^^T'^ dp' [dTj, 
whence 

d\ 

" 8' I, 

on the other hand the coefficient 
of expansion is given by 

1 (dv\ SpdT 

dp 
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At constant temperature 



The modnliiB of elasticity 
therefore 



The modolas of elasticity at 
constant entropy is v (~\ whence 
by Chap. Ill Formula (40d) 



m.- 



\dv8T) 



BT' 
To transform any other partial 
differential coefficient we refer to 
T and v as variables by the formulae 
of § 34 and finally Substitute 



~ ST' 



p = - 



At constant temperature 

d^ ,^\ 

The modnlns of elasticity is 
therefore 

(dv\ _ dp 

dp* 
The modnlns of elasticity at 

constant entropy is v I j^J t or 
11 



- where 



\dp). 



\dp}." 



d p Jt 



" It Wp 



, dT* dp' \¥pdf/ 

FT' 
To transform Miy other partial 
differential coefficient we refer to 
Tsnip as rariables by the formulae 
of § 34 and finally substitute 



St» 



= + 



^. 



117. Uodiflcationa in certain irreversible processes. The expressions 
for (jj in § IIa are assumed on the hypothesis that the small change 
{dp, dv, dT) is reversible and that dq represents heat communicated 
to the system from without. The six coefficients ye, h, . . . are 
definite functions of any two of the variables (p, v, T) by which 
the state of the system is defined. 

In the case of intrinsically irreversible processes by which heat 
is converted into work in the interior of the system, by friction, 
viscosity, or other causes, (as explained in § 81) onr formulae require 
to be reconsidered and modified. 

As a general rule a system does not remain homogeneous under 
such circumstances, and moreover its parts are usually in motion 

BbtAN, TtaermDdjnHniicB. g 
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among themselTee. We may however apply the asual methods of 
analyais by Buppoeing the system divided into differential m^s 
elements. The kinetic energy of dm dne to the motion will be 
a quantity kdm in which k is calculable by the methods of hydro- 
dynamics. Moreover the intrinsic volume v of unit mass has a 
definite value for every differential element, and we shall assume the 
same is true of temperature T, and that the temperature at a point is the 
same in all directions. The following investigation will then refer 
to the progress of events in a differential mass-element of the system. 
If the substance when at rest obeys the equation 

ftp, ., 0-0 

this equation can be used to define the pressure at any point at 
any instant; in the case of a viscous fluid this will be the mean 
pressure considered in the theory of viscosity, and will be different 
from the actual stresses at that point. 

If instead of dq we write dc\ in equations (27, 28, 30), for example 

(133) dcf^hdv + f.dT 

dq represents the quantity of heat which would be required to produce 
the transformation (dv, dT) by perfectly reversible processes. 

We use dq as usual to denote the quantity of heat received 
fropi without, and we may put 

(134) d(\ = dq + dh. 

The quantity dh, in accordance with § 81 will be defined as the 
quantity of heat generated in. the interior of the system, and we 
notice that it is given by 

(135) dh = hdv + y,dT-dq. 

Let dw be the external work done by the substance, k the 
kinetic energy due to the motion of its parts among themselves. 
Then if we put 

(136) de-dq- dw 

de represents the quantity of energy communicated to the substance 
from without. 

Again if we put 
(,137) du^dC{-pdv^{l^-p)dv + y,dT . 

du represents the increase in the intrinsic energy of the substance, 
i. e., in the energy depending on its volume and temperature. 
Because the coefficients I, and y^ are functions of v and T defined 
by the equations of reversible thermodynamics, du is the perfect 
differential of a function u, which is the same function of v and T 
as in reversible thermodynamics. 
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Now the enei^ coiumuiiicated to the BjBtem from without is 
partly converted into kinetic energy of agitation, and partly into 
intrinsic energy, therefore by the Principle of Conservation of Energy 

(138) dt = dk + du. 
Hence 

(139) dq — dw — dk + dq —pdv, 
whence 

(140) pdv - dw ~ d/; + dh. 

If the initial and final kinetic energy is zero we have 

(141) fpdv -Jdw ^Jdh. 

The left hand side of this equation represents the quantity of 
work energy lost in the interior of the system, and the right hand 
the qnantity of "internal heat" generated irreversibly in the system, 
and we notice that these are equal, as tbey should be. 

. The difference between j pdv and i dw may represent work 
done in agitating or stirring the system as in JotÜe'ä experiment, 
or it may represent work enei^y lost by the substance in flowing 
fi-om a place of higher to one of lower pressure, as in the case of a 
gas rushing suddenly into a vacuum or passing through a porous plug. 

It will thus be seen that the equations which we have obtained 
so far are consistent with (a) the principle of Conservation of Energy, 
and also with (b) the axiom that the intrinsic energy of a simple 
system (excluding kinetic energy of agitation) is a function of its 
volume and temperature alone. 

We shall now show bow equally consistent results can be obtained 
in connection with the entropy -properties of the particular system 
under consideration. If we put 

(142) ds = ° ZJ' 

ds will represent the change of entropy per unit mass if the trans- 
formation dv, dT is reversible. On the hypothesis that the entropy 
of the system at any instant depends on the actual state of the 
system at that instant and not on its previous heating, we must 
assume the above expression to represent the change of entropy 
whatever be the means by which the change is effected, so that we 
now have with the above definition of d(\ 



(143) 



-^. 
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The entropy per unit mass imported into the system from without 
is equal to de where 
(144) d0 = 



_dq 



TLe difference represents the entropy per unit mass generated : 

the system and is hy (134, 140) given by 

,. ... , 7 dh pdv — dw — dk 
(145) ds-dc^y— ^ jT- ■■ 



(146) ds ■■ 



_ pdv — dw — dk -\- dq 



Now let T be taken as the standard temperature of a refrigerator 
used in defining available energy. 

Then pdv — dw denotes the quantity of potential energy lost 
in the interior of the system, and this energy is all available energy. 
Also — dk represents the loss of kinetic enei^ which by previous 
conventions is to be regarded also as available enei^, hence 
pdv — dw — dJc represents the total quantity of energy rendered un- 
available within the system. Also dq represents energy imported 
into the system which is unavailable at temperature T. Hence 
pdv — dw — die + dq represents the total increase of energy which is 
unavailable at temperature T, and therefore 

/I A'7\ J increase of energy vnavailabk at temperatwe T 
(_14(J OS ^ — ip — 

Hence the entropy defined by (142) satisfies Definition 2 of 
Chapter VII, and conversely if Definition 2 be assumed the entropy 
will satisfy equation (142) and will be a function only of the coordinates 
(v, T) of the system, and its change in any small transformation 
(dv, dT) win be independent of whether that transformation is 
a reversible one or an irreversible one of the particular kind here 
considered. 



CHAPTER XU. 

PERFECT GASES. 



118. Definitions of a perfect gas. The earliest experiments with 
gases led to the inference that the majority of gases obey the 
following laws, provided that their states as regards pressure and 
temperature differ considerably from that at which they liquefy. 

1. Boyle's Law or Mariotte's Law. When the temperature is 
constant the volume varies inversely as the pressure. Hence pv= con- 
stant when T -= constant, whence generally 
(A) pv = f(T), a function of T. 
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2. JoiUe's Law. All the work done in compressing a gas at 
constant temperature is converted into heat, and conversely when the 
gaa expands at constant temperature the quantity of heat absorbed 
is equal to the quantity of work done. 

3. Olausius' Law. The specific heat of a gas at constant volume 
is independent of the temperature. 

More exact experiments show these laws to be only approximate 
(Chapter I § 10) but the properties of gaees are greatly elucidated by 
studying what wonld happen in an ideal substance which obeyed them 
exactly. 

A perfect gas is an ideal substance which can be defined in two 
ways. According to one definition, a perfect gas is considered to be 
a gnbetance which conforms accurately to the first and second of these 
laws, according to the other definition, adopted by Clausins, a perfect 
gas is considered to be a substance which obeys all three laws. 

119. Expansion of a perfect gas. We shall now deduce the 

principal properties of a perfect gas assuming in the first instance 

that it obeys Boyle's and Joule's Law only. When a unit mass of the 

gas expands slowly at constant temperature we have by putting dT'^0 

in equation (27) , , , 

^ ^ ' dq^ l„dv. 

But from Joule's Law in this case 

dq —pdv 
therefore 
(148) l,=p. 

From Clapeyron's Equation (22) however 

("^) (ä1).=Y = ?- 

By integration it follows that when v is constant p is proportional 
to T. Next, supposing v may vary, and combining this result with 
Boyle's Law, we have pv proportional to T or 

(150) pv^BT. 

It follows that the absolute temperature of a perfect gas is 
proportional to the volume when the pressure is constant, and to the 
pressure when the volume is constant. The coefficient of cubical 
expansion of a gas at constant pressure is given by 

(151) „,„i(Jj)^_i, 

and therefore ai the same temperature, this coefficient of cubical 
expansüm is the same for aU perfect gases. This result is known as ' 
Charles' or Gay Lussac's Law. 
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A perfect gas contained in a veeeel in which it could expand or 
contract at constant presBore, would therefore conetitnte a thermo- 
meter for the measarement of absolute temperatare, the volnme of 
the gas being proportional to the absolute temperature. A second 
method would be to keep the volnme constant, and take the pressure 
as a measure of the absolute temperature. 

When an actual thermometer is thus constructed with any real 
gas, we obtain a constant-pressure or constant-volume gas thermometer; ' 
a convenient plan is to employ ordinary air, giving an air-thermo- 
meter (cf. Chap. I § 2). From the considerations discussed above 
such a thermometer only gives an approximate absolute scale of 
temperature, the degree of approiimation of this scale depending on 
the degree of approximation with which Boyle's and Jonle's Laws 
are satisfied. 

120. The Universal Gas Constant. In the first place it is obvious 
that the constant S for any gas is inversely proportional to the 
density of that gas at given temperature and pressure. 

In the second place it is readily proved from the dynamical 

theory of gases that in a medium consisting of a large number n 

of molecules moving abont in all directions, the average kinetic energy 

of a molecule being L ^^ ^ 

» pV=nL 

and further for mixtures of different molecules L is the same for 

each kind, so that L may be put proportional to the temperature. If 

then M is the molecular weight of the gas, i. e. the ratio of the 

mass of a molecule of the gas to an atom of hydrogen it follows that 

(1) at given temperature and pressure, the number of molecules n 

occurring in a unit volume is constant, (3) the mass of unit volume 

is proportional to M, and (3) the volume of unit mass is therefore 

proportional to ,^- Hence if B = ^ M will be a universal constant 

which has the same value for all gases. If moreover we write 

v' ^Mv, then i/ ia the so-called mdUetdar volume of the chemist, and 

with this notation we may write (150) in the form 

(152) pv'=-RT. 

121. Specific Heats. In the first place we notice that 
(•i^3) ^ i,= !.Q_^.(-|)_-.. 

Again substituting l^^p va the equation for the enei^y 
weh.™ du-dt-pä,-r.dT+{l.-^)dv 

(164) du-r,dl; 

(1«) ©,= »• 
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Therefore u and also y, are functioiui of T only. That is: The 
spedfk heat at constant vdume and the interna sx^gy are fundions of 
the temperaiitre atone. 

Again from (32) 
(156) y,_y„ = i,(g)^ = p| = Ä 

That is tte difference of the specific heats is for the same perfect 
gas a constant. For different gases the differences of the specific 
heats are inversely proportional to the molecular weights. 

If, moreover the gas satisfies Clausius' Law (this baa not so fiir 
been assumed), the two specific heats are boßi constant, and moreover 
the intrinsic enei^ of unit mass of the gas is giVen hy 

C157) »-y.T+V 

We should naturally take the constant Ug to be zero, i. e. assume 
that at the zero of absolute temperatnre the energy would vanish. 
It must not however be forgotten that a gas might possess forms 
of energy other than those considered in Thermodynamics, which did 
not vanish at the absolute zero of temperature. So long as we are 
dealing with a purely hypothetical substance we may assume any 
such property we like, but this is not justifiable if a perfect gas is 
intended as an approximation to an actual gas. 

The equation of the adiabatics referred to p, v as coordinates is 
most easily obtained from the property that the ratio of the elaaticities 
is equal to the ratio of the specific heats, i. e. 

Öf).-(a--"f- 

By integration we obtain Poisson's equation 
(158) j>ti'= constant. 

The same property enables the specific heat ratio x to be found 
for any gas (not necessarily a perfect gas). This can be done in 
many ways, one of the simplest in principle being by determining 
the velocity of sound waves (a) in the gas, which, by the theory of 
sound, is given by a* = — r* (^1 ■ If the valae of (^j is found by 
experiments on the compression of the gas (Boyle's Law not being 
necessarily assamed) jc is at once obtained. For most ordinary gases- 
such as air or hydrogen x=>l'40 approximately, a result partly 
justified by the Kinetic Theory. 

132. Thermodynamic Potentials. To find the entropy, enei^ and 
thermodynamic potentials per unit mass of a perfect gas satisfying 

Clausias' Law we have 
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, d? dT , it 

ds--f-r,-jr+P'Y 

(169) ■ s-j-.togT+SlogD+s, 

where s^ is the arbitrary constant of integration. 
Again 

.-. f.-»-r« 

- l',3'+ «,~ Tfr.log T+ Blogo + s.) 

(160) - 7. T(l - log T) - BT log « + », - Ts, 
similarly 

fe-f.+J"', 
which when expressed in terms of T and p only becomes 

(161) f^ = ^^^{l - log T) + STlogp + «,- y«, 
where the constant 0g is equal to s^ -4- -^ log £. 

It is to be noticed that the eipresaions for the entropy in terms 
of pressure and temperature or pressure and volume are 

(162) s = ypiogT-B logjp + Cg, 

(163) s^yAogp + Yt, log « + Id- 

where » , x> ■ 

So = *o - y- log ^ = «0 - Yp log "■ 

Finally the thermodynamic potential f„, which is the energy 
expressed in terms of the volume and entropy, is given (for unit 
mass) by 

(164) f..-»-y.(-;^-)' + ». 

123. Case of a gas rnshing int« a vacnnm. Joule's Law, as stated 
in § 111 was originally proved by the following experiment, due to 
Joule: Two vessels V and V" were taken, one V containing air 
and the other V" exhausted. They were connected by a stopcock 
.and immersed in a reservoir of water. On opening the stopcock gas 
rushed from V into Y" till the pressure was equal in the two 
vessels, and it was found (though later experiments showed the result 
to be only approximate) that no change of temperature occurred in 
the water. Hence (a) the temperature of the gas was unaltered, and 
(b) no heat was absorbed or emitted by the gas, so that no enei^ 
either in the form of work or heat passed in or out of the whole 
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space V + V". The whole energy of the gas when at volume V 
was therefore eqaal to its whole energy at Tolume V + V" at the 
same temperature, and hence the energy of a given maas of gas at 
givea temperature was independent of the volnme. Taking the expression 

du - (I, - p)dv + y,dT 
this gives l^ =p as in § 112. 

The relation between the increase of entropy due to the irre- 
versible expansion and the quantity of energy rendered unavailable 
is readily verified. Taking a unit mass of gas and putting v^ for V, 
% for F'-f V", the work of expansion at temperature T 

= fpdv = r^ äv = BT{log V, - log «,). 

This energy is all converted into a form which is unavailable at 
temperature T, and is equal (as it should be) to T times the increase 
of entropy, the latter increase being, by (159) 
B(log,,-log,,). 

124. Gas mixtores. The definitions of a perfect gas in § 118 
define only the properties of a single gas. Consistently with these 
definitions and in view of the fact that a perfect gas is a purely 
hypothetical substance, we might assume the mixing of two or more 
gases to obey any laws we chose to assome, but the investigation 
would be uninteresting unless (a) the laws were of the simplest 
possible kind, and (b) they were verified at any rate approximately in 
the case of actual gases. 

In order that two gases may be mixed gradually, and without any 
accompanying mechanical or thermal effects, they must be first bronght 
to the same temperature and pressure, and on communication being 
made between the vessels the mixture will take place slowly by diffiision. 
Experience with common gases then shows that, approximately, the 
temperature and pressure are unaltered by the process of diffasion, 
and therefore we assume the following as one definition of a mixture 
of perfect gases: 

When two or more gases mix slowly it/ diffusion at a given 
temperature and pressure, their volume remains constant and no heat is 
absorbed or given out. 

A. corollary of this assumption is known as Dtdton'a law and 
states that: The pressure of a mixture of gases at volume V and 
temperature T is the sum of the partial pressures which the varimts 
constituent parts would separatdy produce if enclosed in a volume V at 
temperature T. 
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For if V and V" are the total Tolames of the two parts before 
mixiiig at temperature T and pressure p, the pressures which the 
parts would have at the same temperature and at Tolume V equal to - 
V 4- V" would by the Boyle Mariotte Law be 
pV , pV 

V'+r" ^'^'^ V + V" ' 
and the sum of these is equal to p. 

Let m', m", ... be the masses of the diflferent components entering 
into a unit mass of the mixture. In the case of a mixture of two 
gases only we may write m' '— x, m"=l — «. Let accented letters 
such as v' and v" denote the volumes per unit mass, uid other thermo- 
dynamic quantities of the gases before mixing, and let onacceuted 
letters refer to a nnit mass of the mixture. Then if the mixing takes 
place at temperature T and pressure p 

pv' = B'T, pv"=B"T 
and 

V — m'v' + m"v" = xv' + (1 — x)v". 
Hence 

pv = xpv' + (1 — x)pv" 

(165) =xB'T+{i-x)B"T. 
Hence the constant B for the mixture is given by 

(166) B = xS'+{l-x)B". 

We now assume that the total energy of the ga«es is unaltered 
by mixinar, i. e. that , ,, ", ,, 

Employing the expression u •^ y^ I + u^ (15')> *iid remembering 
that the last result is true for all values of T, we have 

(167) M„ = xu^' + (1 - «)<', 

(168) r^-xy,' + (_1-x)y" 
and in virtue of (156) 

(169) ,__a,,; + (i_ä,)y;. 

whence the whole heat capadty of the miocture either at eonsUmt pressure 
or at constant volume is the sum of the whole heat capacities of ih^ parts 
before mixing. 

Substituting in the expression for the entropy in terms of pressure 
and temperature, we have 

(170) s = {xr^' + (1 - x)y;'] log T - [xB' + (1 - x)B<'] logp + «<,, 
that is the whole entropy of the mixture eon only differ by a constant 
from the sum of the whole entropies of the parts before mixing. The 
constant difference C is given by 

(171) C^a,-\xö,' + il-xW\. 
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From the Uwe of thermodynamics, this difference cannot be 
negative. As two gases at eijual pressure and temperature in general 
tend to mis by difFusion, not to separate, the process of diffasion is 
irreversible, and we cannot ascertain at the present st^e whether 
the change of entropy G vanishes or is positive. In order that any 
definite conclusions may be found it is necessary that the gases should 
be capable of being separated as well as mixed by reversible methods. 
In the case of actual gases the separation may be effected by lique- 
fying one of the conipoDents or by placing the mixture in the presence 
of a liquid which readily absorbs one component but not the other. 
"What we have shown is that if an increase of entropy takes place on 
?niwing, Gtis change is independent of the temperature and presswe at 
whidt mixing lakes place. 

This conclusion is justified by the following general reasoning: 
It comes to the same thing whether we allow the gases to mix at 
temperatnre T^ and pressure p^, or first alter their temperature and 
pressure to T^, p^, then let them mix and finally bring the mixture 
back to r,, p^. 

It is farther to be observed that as the thermodynamic phenomena 
presented by a given system are unaffected by the values of the 
integration constants in its enei^y and entropy, the value of the 
constant C does not affect any transformations which are unaccompanied 
by mixing or separation of the gases. 

125. Substituting in. the formula for the thermodynamic poten- 
tial fp, this is given in terms of the eorr^ponding potentials of the 
separate components at the same temperature and pressure by 

f,-«f; + (i-«)f,"-cr 

subject to the condition p=p' = p". 

If we require the entropy as a function of v and T or the 
thermodynamical potential f, the best way is to express Sg for the 
mixture in terms of tfp ^ equations (159, 160) whidi become 

(172) s - y„ log r + B log g) + «0, 

(173) f, = rrT{l - log T) - Br log (-^) + M„- Tffo- 

The corresponding expressions for the components are of course 
of the same form with accented letters. The condition of equal pressure 
for the mixture and components is given by 



(174) 
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If this condition is satisfied we have undoubtedly 

(175) f, = :^f;+(i_^)f;'_CTr 

a relation connecting the thermodynamic potentials f, of the mixture 
with those of its components at the same pressare. 

126. Physical evidence as t» the value of the constant C. 

(a) From liguefeuHon of one of the components. We assume the 
following law as based on experiment: 

When a liquid or solid is in contact with its vapour at any 
given temperature, and the vapour is mixed with other gases, the 
partial pressure of the vapour is the same as if the other gases 
were absent. 

Thus if a vessel contains air and water at a given temperature, 
the partial pressure of the water vapour mixed with the air is the 
same as the pressure of the vapour in contact with the water would 
be if the air were exhausted. The actual pressure in the mixture is 
the sum of the partial pressures of the air and the vapour. The 
density of the vapour is the same in both cases. 

Now let there be a mixture of two gases G^, Gj, of which G, 
is more readily liquefied than G,, and let the original whole yolume 
of the mixture be V. 

Let the mixture be cooled till the components separate out in 
the liquid form, one liquefying before the other and the two being 
kept separated. Let the components be then evaporated in separate 
vessels. Then in. the course of evaporation the partial pressures j), 
and j>j of the component gases at any temperature T are the same 
functions of T in the separated gases s» in the mixture. 

Assume further fhal the vt^umes of the liquids are negligible by 
comparison unih those of their vapours. 

Then the work done in compressing the mixture at any temperature 
will be equal to the works of expansion of the parts at the same 
temperature, if the volume of each part is equal to the previous 
volume of the mixture, as is evident from the relation {Pi+ Pi)dV 
= P^dV + p^dV. Again, assuming the constancy of the specific heats, 
the heat given out in cooling the mixture by an amount dT is equal 
to the heat absorbed in raising the components through the same 
temperature interval. 

Assume furOier (hat the latent heat of evaporation of eiiher component 
is unaffected by the presence or absence of the oOwr. 

Then, if the separate constituents be finally each brought to 
volume Y, the entropy changes in the processes of expansion will 
exactly balance those in the processes of condensation, and the whole 
process will be perfectly reversible and we conclude that: 
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The whole entropy of a mixture of gases at temperature T 
and Tolume Y is equal to the sum of the whole entropies of the 
separate components at the same temperature and whde volume V. 

Bemembering that when the gases were allowed to mix hy 
diffusion, the pressures of the components were eqnal to that of the 
mixture, and the whole volumeB V, V" were together equal to the 
"volume of the mixture we see that: 

When two gases at equal temperature and pressitre mix by 
diffusion, the loss of availaMe energy and consequent gain of entropy 
is the same as mould occur if each component were to expand by rushing 
into a vacuum tiU it occupied the same volume as the mixture. 

(b) From diffusion through a membrane. There aire certain 
Bubstances which allow some gases to pass through them more easily 
than others, and these lead to the conception of an ideal substance 
which is pervious to one gas and perfectly impervious to another. 

In this case we make use of the resnlt of experiment, according 
to which: 

When a gas is in equilibrinm on the two sides of a membrane 
through which it can pass freely, the partial pressures of the gas are 
the same on both sides, even if the gas is mixed with other gases on 
one side only, so that the total pressures on the two sides are different. 

By means of two ideal membranes, one of which is pervious only 
to one component and the other pervious to the other component we 
could separate or recombine the two gases reversihly without 
expenditure or absorption of work, the volumes of the separated 
gases would then he equal to that of the mixture and the pressures 
of the separated gases would be equal respectively to their partial 
pressures in the mixture We conclude that under these circumstances 
the whole entropy of the mixture would be equal to the sum of those 
of the separated gases. 

127. Corrected Relations between the Potentials. Value of C. 

We now see that the relations between the potentials per unit mass 
of the mixture and its constituents are connected by the relations 
(176) f.-if.'+(l-«)f." 

(1") f,-«V+(l-»)f," 

provided that the whole volumes of the mixture and the two components 
are equal. The volumes and pressures per unit mass are then connected 
by the relations , ,, , ,, 

•' V = a:t) = (1 — x)v", 

B xB' {l-x)B"' 
the last necessarily involving the relation, 

p =p' + p", since B = xB'+(l- x)B"- 
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It is easily seen tkat the cooetaiit G in the previous eqnittioiiB 
is equal to 

(178) BlogB- xB'\o^xB'-{l-x)B"\o^{{l - x)B"]. 
This may be written 

(179) C - ,W log ^^^^ + (1 - x)Ji" log '"[^I'-^r 

and is obviously positive, the arguments of the logarithms both being 
greater than unity. 

As a matter of fact these formulae are cumbersome to remenaber, 
and it is much more convenient to remember the statement that 

The whole thermodynamic potential of a gas mixture at given volume 
or pressure is the szim of the corresponding potentials of the components 
at the same temperature and whde vdume. 

The same is also true of the whole enei^ of the gas mixture. 
The enei^y of a perfect gas depending only on its temperature, it 
makes no difference so far as energy is concerned whether the gases 
are mixed as in § 124 or as in § 136. 

128, Note. The quolUfUive property that diffasion throngh a 
membrane may give rise to mechanical effects in the form of diffe- 
rences of pressure is of coarse easily verified. Since these differences 
can be utilised for the production of external work, although every- 
thing is at the same temperature, it follows that the separate gases 
possess available energy which is lost when the gases are mixed by 
difFusioQ iviihoat a membrane by the method of § 124. In regard to 
the difficulty of making quantitative experiments, experience does 
warrant the belief that a gas never passes through a membrane 
from a »lower to a higher partial pressure even when the pressure of 
another gas wonid tend to force it through. In evidence of this 
property, Planck quotes his remarkable experiments made at Munich 
in 1885, in which a platinum tube originally containing hydrogen at 
atmospheric pressure was heated till the platinum became permeable 
to hydrogen, and it was found that almost the whole of the contents 
diffused out leaving a high vacuum. 

It is obvious too that the ideal "eemi-permeable partition" (so 
called) postulated above would afford the maximum efficiency either 
in separating mixed gases or in obtaining mechanical work from them 
while mixing. Moreover an actual partition or meqibrane will be the 
less efficient the more its properties differ from the ideal membrane. 
But this difference must be regarded as a peculiarity of the membrane 
and not of the gases, and the entropy changes caused by an imperfectly 
efficient membrane must be regarded as distinct from those necessarily 
associated with the gases themselves. 
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CHAPTER Xni. 

DETERMINATION OF THERMODYNAMICAL MAGNITUDES. 

129. Deterinioation of absolute TemperatKre. Hitherto we have 
regarded absolute temperature, entropy, energy and therm ody nam ical 
potentials from a purely theoretical stand-point. We now proceed 
to show that these quantities ean be determined experimentally for 
any particular substance. 

The defiDition of absolute temperature in thermodynamics being a 
purely theoretical one, it remains to be shown that absolute temperatures 
are capable of being determined experimentally. The actual details 
of tbe eiperiments belong to the experimental study of heat rather 
than to theoretical thermodynamics; what we have to show is that 
the determinations can be effected by methods that are esperimentally 
practicable. 

Most of these methods depend on Clapeyron's equation or its 
analogue, which may be written 

(ISO) G-Tfr).-'. {j4h)r-'' 

in which it must not be forgotten that the latent heat l„ and coefficient 
Ip are referred to the work unit of heat and are obtained from the 
corresponding coefficients referred to the calorie by multiplying by 
the "mechanical equivalent" of the calorie, the determination of which 
was discussed in Chap. II. 

The form of equations (180) indicates the presence of an arbitrary 
constant of integration in the value of log T, giving an arbitrary 
factor in the value of T; corresponding to the fact (§ 28) that the 
thermodynamic definition does not determine the unit or degree of 
absolute temperature but merely the ratio of the absolute temperatures 
of two different states of a substance. 

We have seen in the last chapter that a perfect gas would afford 
a measure of absolute temperature when used either as a constant 
pressure or a constant volume gas thermometer. If therefore an 
actual gas is used in either of these forms the small corrections which 
will have to be supplied to reduce its readings to the absolute scale 
will depend on 

(a) the deviation of the (p, v) equation of its isothermals from 
the Boyle Mariotte Law, 

(b) the deviations from Joule's Law. 

Now the determination of the isothermal equation so far as is 
postulated above does not presuppose a knowledge of the absolute 
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scale, for constancy of temperature can be shown by any tbermo- 
meter whatever. If t is the measnre of temperature indicated by 
such a thermometer, it is obviously experimentally possible to determine 
for the gas an equation of the form 

(181) fXp,v,t)-0 

in which t ie & definite but for the present unknown fauction of the 
absolute temperature T. As an example of the result of such a 
determination we might cite Van der Waals' empirical formula in the 
form 

(182) (j, + ^)(,_j)_^(j.) 

the form of 95(2') being as yet undetermined. 

To determine the deviations from Joule's Law one of the most 
usual methods is that adopted in the clasBical experiments of Joule 
and Kdvin of which we now proceed to give such details of principle 
as are necessary to understand the theory. 

130. The porona plug experiments. A gas is allowed to flow 
steadily through a tnbe containing a series of holes or a porous plug 
in traversing which it undergoes a fall of pressure, and a certain 
quantity of mechanical work is done against the friction of the plug, 
the viscosity of the gas etc., the exact nature of such internal 
resistances being immaterial. We thus have a case of irreversible 
conversion of work into heat, and instead of the equations of reversible 
thermodynamica, the modifications of § 112 are applicable. The 
effects observed consist generally speaking in a cooling of the gas 
which can be determined quantitatively in two ways: 

(a) The gas may be kept at its original temperature by enclosing 
the apparatus in a calorimeter, and the quantity of heat absorbed for 
every unit mass of gas that flows through the plug may be measured 
by the calorimeter and finally reduced to work units. 

(b) The pipe and plugs may be enclosed in a non-conducting 
envelope, the gas receiving no heat from without, and the difference 
of temperature on the two sides of the plug may be measured by 
an ordinary thermometer. 

The kinetic energy of the in- and outflowing gas is usually small 
enough to be neglected though, if desired, a correction for this could 
be easily applied. 

(a) Taking the first method, let j), , «^ and p^, v^ be the pressure 
and volume of unit mass of the gas before and after passing the 
plug, g the heat which it absorbs from the calorimeter. To form 
an estimate of the external work done in forcing the gas through 
the plug, it may be assumed that moveable pistons are placed in the 
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tube before and behind the plag, by which the preasnres on both 
sides are kept constant and the total mass of gas also kept constant. 
When a nnit maaa of gas flows through the plag work ft,ti, ie done 
in pashing in the back piston, and work p^v^ is done by the issuing 
gas in pashing the back piston out, hence energy i^i«! — jp»»,' is 
supplied from without in this way. Moreover, energy q is supplied 
from the calorimeter. Hence the total qaantity of enei^y supplied 
from without is PiV^ — p^v^ + q- At the end of the process the only 
viaible result is that there is a unit mass leds of gas «t the back 
and a unit mass more gas at the &ont of the plug. Moreover the 
flow being steady, the energy of every unit mass at the back of the 
ping always remains the same, and the energy of every unit mass 
in front of the plug always remains the same. The principle of 
conservation of energy now leads to the inevitable conclusion') that 
tlie intrinsic energies of the unit mass in front and the unit mass 
behind the plug must differ by an amount given by 

(183) Ms - Mi = Pi«i - p^v^ + q. 

Again, the intrinsic 'energy of a gas depends only on its actual 
state, and the initial and final temperatures are equal. Hence the 
change of energy Uj — u^ must be the same as in an isothermal 
reversible transformation between the same two states. By the formula 



we get therefore 
(184) », 



da-r,dl+{l,- pjdn 
= }'pdT+ Ipdp —pdv 



,, - (f(l.-p)d.^- (Jl,dp -fpd')- 
Substituting in (183) we obtain the two forms 
(186) l-{p,',-PA) + f(l.-p)dv, ^ 

(186) i-J(l.+ v)dp J(l,+ v)dp. 

Pi c. 

For a perfect gas p^v^^p^v^, h^'P, ip= — v, whence 

(187) 3 = 0, 



1) This conclusion could easUj be verified by aaBuming any simple law of 
Mctionsl resistance in patsing throngb the tabs, rememberini^ to add in a 
qnantit; of heat eqnal to the work lost in overcoming friction. 
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hence for ordinary gases q is small. Takii^^ (^^3) ^^ hare on 
differeatiation (remembering pi > p,) 

(188) !__(!,+ ,) 

where ^ me&sores the "cooling effect" expressed as the ratio of 
the absorbed heat to the fall of pressure when the latter is small. 
Galling this quantity % we have by (124) 

or 

If for any given pressure p, the coefficient ^ ^^ been determined 
as a function of v, the above equation when integrated between 
suitable limits will give the ratio of the absolute temperatnreB corre- 
sponding to any two volumes of the gas contained in a con^rit 
pressure gas (hermometer. As % is small compared with v, varions 
approximate methods can be adopted according to the particular case 
considered. Thus if between certain limits % may be taken to be 
constant, the integral of the equation between these limits is of the form 
(191) Toc, + i. 

But if f is the temperature in a constant pressure gas thermometer 

t ÖC V 

and if we suppose t ^ (tv, equation (191) shows that the absolate 
zero is below the zero of gae temperature by an amount p.^ or — ■ 
In like manner taking equation (185) we have 

iW2) ff-~^' + '.--!■ 

or 

This equation might be used to find the corrections to the readings 
of a constant volume gas thermometer, but it will be seen that the 
correction depends on two terms, one ^t representing the "cooling 
effect", and the other F —i representing the deviations from Boyle's 
Law, and both these terms may be equally important 

If the gas neither gains nor loses heat we have 

(194) M3-w, = i'iVi-i)ji', 

whence the transformation satisfies the condition « +pii = constant 
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Bat 

du = ypdT + Ipdp ~ pdv 
hence substituting we have 

(195) f{rP<iT+Q,+ v)dp\ = 
or for a small change of state 

(196) ypdT=-{l^-\-v)dp. 

To avoid introducing absolnte temperature the left hand side 
may be put equal to Cpdt, where dt is the observed change of 
temperature on the scale of the thermometer nsed in the experiment, 
and Cp the specific heat at constant pressure referred to the same 
scale. Moreover if Cj,di is now put equal to dq, dq will represent the 
heat which would have to be taken from a calorimeter to bring the 
gas back to its original temperature, and hence if -j^ be put equal 
to Xi this iB the same measure of the cooling effect as iu the previous 
case. In other words, cooling effect takes the form of a fall of 
temperature in the gaa itself instead of an absorption of heat from 
the calorimeter, and the method is practically the same. A difference 
would of course exist between the two cases if the change of temperatnre 
were considerable. 

131. Comparison with the case of a gas rushing into a vacnnm. 
It is to be observed that while the porous plug experiment gives 
the correction for the c(mstant pressure gas thermometer. Joule's original 
experiment of a gas rushing into vacuum gives the correction for the 
constant volume thermometer. In that experiment the energy i 
constant hence 

(197) y,dT+(J,-p)dv = Q. 



Writing 



y,dT 



■£ affords a measure of the cooling effect and the equation becomes 

With this method the correction for the ct>MSto«f presswre thermo- 
meter would contain terms depending on the deviations from Boyle's 
Law, which could not he neglected. 

132. Inversion of the porons plug effect. It will be noticed that 
the cooling effect -/^ vanishee if 
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If we asetime as onr known data, the (p, v, T) equation of a gas, 
and t^e any two of these Tariablee as coordinates of a point in a 
plane, the present equation determines a cnrre in that plane which 
may be called the curve of inversion. This curve separates those 
states in which the coolii^; effect is positive from those in which it 
is negative. K we take v and T as oar independent variables, the 
carve of inversion is ohvionsly the locas of the points of contact of 
tangents drawn &om the origin to the family of corves p ^ constant. 

Secondly if the cnrve of inversion he determined experimentally 
the data may b« utilised in determining the (jp, v, T) equation of 
the gas. 

■ Thirdly if the {p, v, t) equation of the gas referred to any arbitrary 
scale of temperatore and its curve of inversion are known, we have 
sufficient da^ for comparing the assumed scale of temperature with 
the absolute scale. This method would really constitute a "null 
method" of determining absolute temperature since it depends on the 
vanishing of the cooling effect and not on determinations of its amonnt. 

133. Determination of Entropy, Energy and Thermodynamical 
Potentials. The scale of absolute temperature having now been fixed, 
it follows that temperatures may be measured on any thermometer 
and reduced to absolute measure. It now remains to show how the 
entropy, energy, and thermodynamic potentials of a substance (which 
we take to be a simple system such as a gas or liquid) can be 
expressed in terms of quantities which can be experimentally determined. 

Substituting from (133, 124) the values of Ip and l, in the diffe- 
rentials of the entropy and energy we obtain on int^ration from state 
(Po> »07 ^o) to state (pi, v^, 2\): 



With V and T as variables 



'•jj' 



F^r+(*) 



-'J{r.äT + {Tli-p),,]. 



With p, T OB variables 



Kow the chaises of entropy and energy depend only on the 
initial and final states, hence we may perform the integration along 
any path representing a continuous series of transformations from 
the initial to the final states. Thus 

(1) Taking v and T as variables we may integrate keeping 
B — «0 from r = To to T — r, and then integrate keeping T = T^ 
from f = «0 to « — V,. We thus obtain 
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(200) S, 



(201) 



(202)f..-f..J J'y.(l-f)rfTJ -(T,-T,)s,-(fpd,j 

(2) Similarly with p and T as variables keeping first p and then 
T constant, we have 



(203) 



(204) 






and an expression for fp, — fp„ closely analogons to (202). 

Now we may choose the state poVf^T,, to be a standard state of 
the system with which other states are compared. The corresponding 
Tslnes of Sgiif, will be undetermined and will represent the unknown 
constants of integration which necessarily occur in the espressions 
for the entropy and energy of a system, and the above equations 
will then give the entropy and enei^ in any other state represented 
by the satßx 1. 

On examination of the integrals we see that 

In order that the entropy, energy, and thermodynamic potentials of 
a simple system may be determwud for every possMe state of Qtat 
system, it is sufficient to know 

(1) The p, V, T equation of fhe system, 
and either 

(2 a) The relation connecting the specific heat y, with the absdute 
temperaiure T wä«m the specific volume remains constant and equal to r^, 
or 

(2b) The relation connecting tJie specific heat j-p fffith iiie (Asolute 
iemperaki/re T when the pressure remains constant and equal to p^. 

We notice, moreover, that the entropy, energy, and thermodynamic 
potentials of a simple system can each be eccpressed as the sum of two 
terms, one a function of v and T, or p and T determined completdy 
by the form of the (p, v, T) equation, and the other a ftmdion of T alone, 
amending on the ea^ession for the specific heat. 
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134 Xm. DETERSnNATION OF THERMODTNAMICAL MAONITDDES. 

134. Geometrical Interprefationg. Taking for example v and T 
as Tariables and representing them as the coordinates of a point in 
a plane, the first of these conditions may be stated aa follows: 

In order that the thermodynamic properties of a simple system 
may be completely defined within any assigned limits of volume and 
temperature, it is necessary and sufficient that 

(1) The pressure should be known at all points of the (v, T) 
plane within the assigned limits. 

(2) The specific beat y„ should be known at aU points lying 
along a straight line v = constant (^= v^, say) lying within the assigned 
limits. 

The values of ye along any oüier line v = v, are completely 
determined by the assumed data. They are most easily deduced &om 
the equation 

XdtlT \dT'l. 

which gives on integration along a line of constant temperatnre T=T^ 

(206) ,.(,,r,) - ft(.,rj - T,(^y(g;).<i» j 

and conversely, if we know y, at all points of the region considered 
we should know ^ S^ and thus obtain a check on the correctness of 
onr assumed expression for p in terms of v and T. 

Exactly analogous results hold good if p and T are chosen as 
independent variables and as coordinates. The latter choice possesses 
an obvious advantage in the convenience of determining specific heats 
at a constant standard atmospheric pressure. 

135. Advantages of a choice of method. It will thus be seen 
that the data which are necessary and sufficient to determine the thermo- 
dynamic properties of a substance fall -considerably short of those 
which are capable of being determined experimentally with greater 
or less accuracy.' A complete discussion of the advantages and 
disadvanti^es of different methods belongs to the study of experimental 
heat and would be out of place here. It will be sufficient to point 
out that the possibilities thus opened up have two important advant^es 

(1) by enabling those methods to be adopted which are best 
adapted for accurate experimental obBervations, 

(2) by enabling the same results to be obtained by different 
methods, thus affording a check on the accuracy of the various 
observations. 
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As an instaiice, of bow to pat the above results into practical form, 
we Bhonld notice in the espreasions for the energy -differences that 

/ yedT and / YpdT repreBent the total qnantitiee of heat required 
to raise the tempco-ature ftom T^ to T^ at Yoltime Vg and pressare p^. 
Moreover the entropy difference s^ — s^, could be obtained by starting 
with the substance in the state (pi, v^, T,) allowing it to expand 
reversibly and adiabatically till its temperature was T, and then 
cooling at constant temperature T^ till its volume and pressure were 
v^ and p^. The quantity of beat given out in tbe last transformation 
when divided by 2^^ would give the required entropy difference. 

136. ninstrittiTe Exampl«. Consider a gas which obeys van der 
Waals' Equation 

where a, b, B are constants. We obtain 

8T~t>-b dT' ^' -^ dT ^ V*' 
It follows that 

yt =- function of T only and 

(206) s = jy,^ + B log (r - fe) + constant C„ 

(207) M = JYvdT - -"- + constant C^, 

(208) l=Jf,dT-Tj\dT - ^BT\og{v-h) + C^-C,T 

but owing to tbe fact that the {p,v,T) equation is a cubic in ti, the 
expression for fp in terms of p and T could not be given in a 
simple form. 



by Google 



XIV. CHANGES OF STATE OF AQattEGATION. 



CHAPTER XIV. 

CHANGES OP STATE OF AGGREGATION. 

137. Phenomena dedncible fram the van' der Waals' Eqnation. 
We sliall now show how, by ttssigomg stiitable forms to the {p, v, T) 
eqnation of & working Bnbetance, the phenomena of liqnefaction of 
gases and of the critical point can be represented analytically. 

We start by eapposing the substance to obey Tan der Waals' 
empirical eqnation 

{p+'i)(<>-b)~BT ^ 

a relation satisfied to a considerable degree of approximation by most 
gases. We sappose the family of isothermal corvee T = constant 
represented taking p and v as rectangnlar coordinates. 
Writing this as a cubic equation in v 

p 

we see that the horizontal 
line p = constant will cat 
the isothermal T = constant 
in 3 or 1 real points accor- 
ding as the cubic has 3 or 
1 real roots. In the former 
case, there would theoreti- 
cally be three possible states 
at the given pressure and 
temperature corresponding to 
the points A, B, C (Fig. 17). 
But at S where the cnrre 
is ascending we have (^J 
positive, hence (§ 92) the 
state B wonld be unstable, 
the effect of any slight devi- 
ation from uniform density 
being to cause the substance 
to Sow from the points of 
lesser to those of greater den- 
sity, and thns to separate into 
two stable phases represented 

by points on the descending parts of the carve. 

It follows that if the isothermal line cuts any horizontal line in 

3 real points, the substance, instead of following the curve in an 
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iflothermal transformation, most undergo a discontinnoiu change of 
state, from the branch AD to the branch EG, vhile if the curre 
coutinn^y descends towards the axis ^ ^ as v increases no such 
discontinaoas change is poe- 
sible. In the former case the 
sadden change reprodaces the 
phenomena of liquefaction, in 
the latter case ve hare a 
perfectly continuons trans- 
formation similar to that ob- 
served when a gas ia com- 
pressed at a temperattue 
above its critical temperature 
(Chap. I § 20). 

The discontinnons trans- 
formation jnst vanishes when 
the isothermal line has a 
point of inflexion with a hori- 
zontal tangent. This point 
of inflexion is the critical 
point, and its coordinates 
determine the critical pres- 
sure, volnme, and temperatnre 
which we denote by pcV^Tc. 

At this point the cnbic (209) faas three equal roots each equal 
to v„ hence ^^ 



Pig. 18 («ft« Clwutu). 



giving 
(210) 
conversely 
(211) 



v,= U, p,- 



3«,»= -^, 

= -?-, T '^ 
276' ' 

3p,«„», B- 



8 P»», 



whence a, h, R can be determined if the critical presenre, volnme, 
and temperature are known. 

138. Properties peculiar to van der Waals' Equation. It will 
be observed in the first place that if different gases obey van der 
Waals' formula, their critical points must all satisfy the common 
relation a p v 

Let X, V, # be the ratios of the pressure, volume, and temperature 
of the gas in any state to their critical values; these, which ore called 
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the "redaced" preesare, volume, and temperature, will be the measorra 
of these quantitiee taking their critical values for the particular gas 
considered to be the units. Then toe der Waals' equation assumes 
the form 

(212) (. + ^) (._!)_ I» 
or 

(213) Sffv* - (« + 8*)v' + 9v - 3 =^ 0. 

This equation is independent of the gas considered and it follows 
that according to van der Waals' Law the isothermal cnrres of 
different gases are the same family of curves and differ only in the 
horizontal and vertical scales representing the pressure and volume. 

139. Critical phenomena for other {p, v, T) equations. The 
general at^uments of the last article but one as to the existence of 
discontinuous changes of state and critical points are not peculiar to 
van der Waals' Equation but lead to the following general conclusions: 

(1) K for certain values of p, T, say j)^, J\, the {p, v, T) 
equation of a substance when solved for v has three real roots, then 
when the substance is compressed or allowed to espand at temperature 
T, a discontinuous change of state must occur somewhere. 

(2) K for some other value of T^, say T^, two of the roots 
remain imaginary for all values of p, the initial and final states 
corresponding to the discontinuous change can be connected by a 
continuous series of transformations by suitable changes of temperature 

(3) In this case a, critical point will exist and will be determined 
by making three roots of the {pvT) transformation all equal. 

(4) If the critical volume, pressure and temperature are known, 
we have three equations to determine the constants in the p, v, T 
equation of the gas. 

For convenient reference we subjoin the following list of empirical 
equations that have been proposed by different physicists as representing 
approximately the (pvT) equations of imperfect gases. But of these 
it will be seen that the first three fail to account for liquefaction 
or critical phenomena; they have now been superseded, and are chiefly 
of historic interest 

(2X4) pv = BT--^ (Eankine^) 

(21B) Pl = B-f^ iJovle d Thomson^) 

(216) pv^Bt(\-~^^ (Begnault) 



1) Phil. Trans. 1864. S) Phil. Trans. I86S. 
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TARIOUS EQUATIONS OP GASES. 139 

where Bt is a fonctiou of T, found to vary directly as the absolute 
temperattire, and inverselj as the pressure of satorated vapour at that 
temperature. 

<^^^') (l'+äii,^.|(''-'<)--Br(C!»»S'M'), 

(218) j,.-B|l+^|T + ^^-,-^(TmC) 

(219) J, + '-[°+"C -') + ;r:^] j_ 5r ' 

Finally Dr. Kamerlingh Onnes^) has abandoned the attempt to 
express the p, v, %■ equation of a gaü in a finite form, and has 
adopted infinite series involving negative powers of v. 

If Glansius' Equation be assnmed, the critical point is given by 



(220) v, = 3« + 2B, 


"'= 27(a + B)JS' 


^' 216Ca + B)' 


givii^ conversely 






(.21, « = ..-f^s 


3BT. 





With the virial equation of Tait the critical point is given by 
A-BeT^ n ^ A~BeT, n 



. whence 

(223) A-BeT.^'-^''--^, C_«Ji±i£ 

and it is also found that 

BT 

(224) 3*>.+ « + y = — " 

while by Bubatitution the {p, v, T) equation becomes 
(226) p-p.[l- 

involving seven constants p^, v^, T^, a, y, e, B, connected by the 
single relation (225). 



1) Wied. Ann. 1880. Phil, Mag. 1880. 

2) Foundationa of the Kinetic Theory of GftBes, Trana, E.S.E. 

3) Journal de Fhygigue, July 1899. 

4) Leiden, Commauicationa, 71. 
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140 SIT. CHANGES OP STATE OF AGGEEGATION. 

140. Conditions of phase eqnilibrinnt. When two different phases 
of the same snbstance are in eqailihrinm with each other their 
presanres and temperatoreB are obvionslf equal, and we shall now 
show that the thermodynamic potentials f^ of a unit mass in the 
two phaseH are also equal. 

Let »/, s", «', fp' be the volume, entropy, energy, and potential at 
given pressure per unit mass in one phase, say the higher phase (Chap. I, 
§ 15), v", s", m", fp" the corresponding quantities for the other phase. 
Then if a mass m passes fi-om the first to the second phase by a 
reversible transformation at temperature T and pressure p the quantity 
of heat absorbed is mT{^' — ä), the work done by expansion is 
)«^(«" — t/) and the increase of enei^ is m{u"'~u'). Hence by 
conservation of energy 

(226) «" - W = r(s" - s') - p{v" - i^) 
i. «. 

(227) u" - Ts" + pi/' ^ m' - T's' + i»«* 

(228) f/=V. 

The same conclusion can be put into a more general form by 
considering the expression for the available energy of the complex 
when subjected to the condition of constant pressure and temperature. 
If m' and m" are the masses of the substance in the two phases this 
available energy is by § 90 given by 

(229) ^-».'y+»."V'. 

If fp > fp" A may be decreased by the transformation of part 
of the complex &om the higher to the lower phase, and therefore 
this transformation will tend to take place and will be irreversible. 
Similarly if y < fp" a transformation from the lower to the higher 
phase will tend to take place and will be irreversible. 

The former case represents an instance of what is called a 
supersaturated complex, the latter of an tmsaktrated complex. For 
eqoilibriam we must have fp = y and the complex is then saturated 
(§ 16)- 

At the same time in an ordinary supersaturated or unsaturated 
complex, such as occurs with water and steam, when condensation 
or evaporation is taking place, the temperature is not necessarily 
aniform, nor is the pressure quite uniform when the parts are in 
rapid motion as when water is being boiled briskly. In no case 
does equUibrium exist except when p, T, fp are the same throughout 
the complex. 

The thermodynamic potential fp involve two integration constants, 
one multiplied by T. But if the two phases can be connected by a 
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coatintiotie Beriee of transformations b; passing above the critical 
temperatare, these constants will be elimiaated when we take the 
difference fp" — fp' at the same temperatare and will not affect the 
form of the equilibrium equation fp" = fp'. 

This equation will therefore be a determinate equation in p aud 
T, and if p aud T be the coordinates of a point in a plane, the 
locns of the equation wUl be a curve in the (p, T) plane which is 
called the curve of satttration. By means of the (p, v, T) eqoation of 
the substance the corresponding curve of saturation can be transferred 
to the coordinates v, T or p, v. 



141. AppUcation to vaM der Waals' Equation. If the substance 
obeys van der Waals' Equation we have by § 116 

fp=f.+i'f=/'y,dr-r/'^dr 

(230) ^ "^ ^ 

- ^ - 5T log (u - i) + Ci - c, r + ß Ü. 

Here j-p is a function of T alone. It is not impossible to 
coiM^pive a substance where y, is a different function of T in the 
liquid and gaseous phases provided that is the same function of T 
for all values of v above the critical temperature. The following 
ailments would feil in ench a case, we assume that y, is the same 
function of T in both. The equation fp' = f," then gives 

(2S1) pl^ -,/')- ^-^ + BT\oe'^^- 

This equation involves the two volnmes tf, t/' which are the 
greatest and least roots of the cubic (209), hence the elimination leads 
to a very cumbersome equation in {p, v) for the border curve. But 
■writing the (p, v, T) equation in the form 



and assuming it to hold good for all values of p, v, T whether corre- 
sponding to possible states of the substance or not, the area of the 
curve T = constant from v =- «' to ti ^ t/' in the plane of (j), «) is 
equal to the right hand side, whereas the left hand side represents 
the corresponding area cut off by the line p ^ constant between the 
same ordinate». We have thus the following rule: Draw äie isoth&^mal 
mirve for T, in the (p, v) platte and draw a Jwrieontal line crossing it 
in such a position that the areas of the segm^ts thus intercepted on the 
isothermal above and lelow this line are egml (Fig. 18). 
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142 SIV. CHANGES OF STATE OF AGGREGATION. 

Then &ie points of intersection of this horiBontai line with the 
isothermal will give the volumes and pressure at which change of phase 
occurs at temperatttre T. 

The transformation will thas be represented by the horizontal 
line ABC instead of the curved line ÄDBEC bat the area swept 
oat by the ordinate will be the same for both. 

142. Extension of the Rnle of Equal Areas. The same role has 
been employed to fix the position of the horizontal lines in the (p, v) 
digram of the isothermals in other cases than that afforded by van 
der Waals' Equation. Its generalisation is open to the objection that 
since the ascending parts of the isothermals represent anatable and 
therefore physically impossible states of the substance, no experimental 
data are available for tracing them, and it is clear tJiat if these parts 
are merely filled in by drawing, the areas which they intercept on a 
horizontal line are perfectly arbitrary. We may get over the difficulty 
by stating the role in the following form. 

Let p and y, be two functions of v and T connected by the 
differential equation 

(288) ji-^FS> 

which are equal to the pressure and specific heat at constant volume 
of the substance over regions representing physically possible states, 
and which remain finite, single valued and continnoas over the 
intermediate (or "unstable") region. Let the values of j) for constant 
T be plotted in the (p, v) plane thus joining up the corresponding 
isothermals. 

Then the horizontal line which intercepts segments of eqnal area 
on one of these curves will determine the points at which change of 
phase takes place. 

Proof. From the above differential equation 

y,dT-\-(^Tl^-p)dv and ^-^dT+§-^dv 

are perfect differentials throaghoat the whole region, therefore their 
integrals are the same taken along every curve joining the same two 
points in the (v, T) plane. 

If the initial and final points represent physically possible states 
of the substance, the integrals must therefore represent the corre- 
sponding differences of energy and entropy respectively, whether the 
intermediate path passes through physicidly possible states only or 
not. We may therefore integrate across the unstable region along 
the path T = constant and get 



by Google 



THE RULE OP EQUAL AREAS. 143 

(234) u'-«'-(J{Tli-,),,). ,-, = {J'^ä.), 

(236) \:-V-{-Jtd^ A 

where A is tlie area of the isothermal between v" and v'. 
The condition of phase equilibrinm is 

(236) - V ^ f," - (f; + J,.') - (f." + J,«") 
or 

(237) o = -A+i)(v'-t/') 

which is the rule of equal areas. 

Example. Thus if Glauaius' equation (217) be assumed equation 
(233) gives on integration 

and if f{T) is the same function of T in the liquid and gaseous 
states Clausius' equation may be assumed to hold across the gap 
separating the two states, and the rule becomes applicable and gives 

where v' and v" are the greatest and least roots of Clausius' equation 
when written as a cubic in v. 



143. Metastable and essentially stable states. It is to be observed' 
that the descending portions of the isothermal curves beyond the 
horizontal line may represent states of the substance which are 
physically possible if it exists only in one phase. Thus if fp' > fp" 
the substance may exist in equilibrium in the higher phase if the 
lower phase is completely absent, but the presence of any quantity, 
however small, of the lower phase will destroy tbe equilibrium, and 
any disturbance may cause the substance to pass more or less suddenly 
into the lower phase. Such cases have been realised experimentally. 
This result does not of course apply to the ascending parts of the 
isothermal. 

We may speak of the states in which f^ is least as being essentiaJiy 
stable, to distinguish them from states which are only stable for 
continuous variations and whose equilibrium may be broken by a 
discontinuous change of phase. The latter are called melastable. 
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144. The Triple Point The conditions of phase eqailibrium 
when applied to a sabstance capable of existing in three different 
phases (as exemplified by the solid, liquid and gaseous states of 
matter), determine the phenomenon of the triple poini (Chap. I § 18). 

For if fp', fp", y represent the potentials of the three phases 
expressed as functions of p and T, tiie condition of simultaneous 
equilibrium of the phases gives 

(239) f,'-V'-V"- 

We have thus two simultaneous equations which when solved give 
one or more values of p and T. This valne or values are therefore 
finite in number. 

A triple line could not in general exist, even if, owing to the 
peculiar forms of the potentials the two equations derived from (239) 
were not independent. For at points on either side pf this line in 
the p, T plane, equilibrium would only be essentially stable in the 
phase for which f, was least (§ 140) and there could be only one 
phase on either side of the line satisfying this condition. An exception 
might occur if the potentials of two phases were equal over a finite 
area on one side of the line but the phases would then be thermo- 
dynamically identical. 

K fp', fp", f,'" are the potentials of water in the gaseous, liqoid 
and solid states, the p, T curves 

(240) f,'_f/, (,"_V" Bid f,'"-V 

are the so-called ^eam line, ice line, and hoar-frost lim. 

The three curves 
all pass through the 
triple point, bat if they 
be prodnced through 
that point the produced 
parts do not in general 
represent essentially 
stable states of phase- 
equilibrium. 

For if the line 
fp' = fp" be produced 
through the triple point 

fp' — fp"' vanishes and 

T in general changes sign - 

"'■ "•■ in passing that point. 

On the side on which 

fp' and fp" < fp"' equilibrium will be essentially stable between the 

first and second phases, but on the other side fp' and fp" will be 
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> fp'" and the eabstance will tend to pass into the third phase as 
the esBentiallj stable condition. 

ThuB the three carves determine three regions about the triple 
point, and in the interior o^ each r^ion onlj one phase can exist, 
namely, that with the lowest potential 

145. The Phase Bnle for a single substance. When a snbstance. 
can occur in four different phases a qwidrwple point does not in general 
exist. For eqoilibrinm between foTir phases would require that the 

equations , , f r' _ f '" i "" 

Ip "" b' tf ip 

should be satisfied by the same values of p and T, and as we have 
three eqaations and only two variables this is in general impossible. 
If the forms of the potentials should happen to be such as to render 
the three equations consistent, a quadruple point would undoubtedly 
be formed, but it would be more correct to regard each a point as 
formed by the coincidence of two, and consequently of four triple 
points. Thus in general not more than three different phases of the 
same substance can coexist at the same pressure and temperature. 

We thus arrive at the conclusions that so long as we are detding 
with a single subetance (1) three different phases can only coexist at 



two phases may 



one or more pointa in the plane of (p, T), 

coexist along one or more p 

lines in the {p, T) plane, 

(3) one phase can only 

exist at points lying within 

a certain area in the {p, T) 

plane. 

In the £jrst case the 
system is called axa/riani, 
since neither the pressure 
nor the temperature can 
be varied without reducing 
the number of phases. In 
the second the system is 
called v/nivaria/t^, since 
&Ster p or T may be 
varied if the other of 

these two variables is 

varied so that the point O T 

{p, T) moves along the Fig. jo. 

proper line, in the third 

case the system ie called Imariant, since either p or T can be 

varied independently provided that the point p, T does not pass 

BBTAN, Then 




Vap, 
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out of the region in which the phase considered ezists in stable 
equilibrium. 

Sulphur IB a case in point. The substance can exist in four 
phases, two solid (monoclinic and rhombic), the liquid phase, and 
the gaseoDB phase. If the carves of equilibrium between the different 
phases in the (p, T) plane be drawn, as in Fig. 20, it is seen that 
^be curves divide the plane of the diagram into 4 regions in which 
the systems are bivariant, bounded by six corves which correspond 
to univariant systems, the six curves intersecting in four triple points, 
at each of which the system is avariant. 

The generalisations of these conclusions for the esse where 
instead of a single substance, we have a number of different substances 
coQstitnte the Phase Mule of Gibbs which is given in the next chapter. 



146. Montier's Rnle. The distribution of the curves in the p, T 
plane in the neighbourhood of a triple point may be found by finding 
where they or their produced directions cut an isothermal line corre- 
sponding to a temperature differing from the triple temperature by 
a small amount t^T. If ^p^^ be the corresponding difference of 
pressure along the curve of separation fp" — fj,'" ■=> and Apg, , AjJu 
refer to the other curves, we have 



(f-1^)--'^'"-^^ 



(2«) ^-"i.- -^fc+a-"^ AT-O 



and two similar equations. Xow - 

the state f^,', whence on snbatitnting oaA adding we obtain 

(242) (i;" - i/")Äfts + {v'" ~ t/) A_p„ + («' - «") A^j, = 

an equation eqnivalent to Moutier's three equations of the form 

(243) (Aa, - Ar„){."' - .') - (Ay,, - Aj>„)(«" - ^). 

If ^, v", t/" are in descending order of magnitude it follows that 
Ajjgi is between Ap,j and A^j. Hence Moutier's rule, according to 
which if a horisarddl line ( 2* = constant) be drawn atUing the three 
curves of transformation or iheir produced directions near ike triple 
point the middle of ike three points of section corresponds to the trans- 
formation invdving the greatest change of volume. 

In like manner if a vertical line (p = constant) be drawn cutting 
the same curves or their produced directions near the triple point 
the middle of the points of section corresponds to the transformation 
involving the greatest change of entropy. 
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147. Properties of a Batnrated complex of two phases. We eheü 
now show how the thermodynamical properties of & complex of two 
phases of the same Bubstanoe considered as a whole can be expressed 
in terms of those of the substance in the separate phases. 

Let M be the total mass of the complex, X and M — X tbe 
masses of the portions in tbe two phases respectively, and let these 
phases be called by way of distinction tbe first and second phase. 
If we pat j^ = ^1 then x and 1—37 will be defined to be the masses 
of the two phases in a unit mass of tbe complex, although this is 
of course a mere convention unless the whole mass of tbe complex 
is unity, because the complex is not homogeneous like a mixture 
of gases hut tbe two phases are quite distinct and separate. 

In the same way if V, U, S are the whole volume, energy and 
entropy, we may define -w' m' W " *^® volume, energy, and entropy 
of unit mass of tbe complex, these we denote by v, u, s, while we 
use accented letters (t/, w',s')(w",M",s")to denote the volume, energy, and 
entropy per unit mMs in tbe first and second phases respectively. 
It will be convenient in understanding what follows to sappose that 
tbe mass of tbe complex is actually equal to unity, though this is 
not necessary. 

In the first place we notice that the complex like a simple system 
admits of two independent variations. 

(1) The temperature may be varied without altering tbe masses 
X, 1 — :£ of the components. In this case the corresponding variation 
of pressure is determined by the condition of saturation 

which we shall denote for convenience by the equation 
(244) G{p, T) = 0. 

(2) The composition of tbe complex may be altered by the trans- 
formation of a quantity dx or Aa; of matter from tbe second to the first 
phase — or vice versa, — tbe temperature, and consequently the pressure 
remaining constant. The volume, energy and entropy will in general 
be altered, and beat will be absorbed or given out. If X^x is the 
quantity of heat absorbed in the transformation of Ax, whether this 
quantity be small or finite, X will be the latent heat of transformation 
from tbe second to the first phase (Chap. I § 15). 

The state of the complex is thus defined by tbe two independent 
variables T and x, and tbe difference from an ordinary simple system 
is that tbe equation G{p, T) = takes the place of a relation 
between the three quantities p, v, T. 
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Since the wkde volume, energy, and entropy of the complex are 
respectively equal to the sains of the corresponding whole volumes, 
energies, and entropies of the components we have 

(245) V = s^t/ + (I - xy, 

(246) u-xu'+(l~x)u", 

(247) s -xs' +(l-a;)s". 

Consider now the effect of the transformation ^x at constant 
temperature T. We have from (245) and (247) 

(248) Av = (t/ ^ v")£^x, Äs = (s'-s")A« 
and from above 

(249) Aq = XAx 
where A^ is the absorbed heat. But 

(250) ^-l., ^.A» 

where l, is the latent heat of expansion of the complex. 
Hence as in Chap. I § 16 

(251) ^' = vh' 
and further 



Clapeyron's Equation 



when taken in conjunction with (251) gives 

where the condition v = constant is no longer required in the expression 
for j^! because since the complex is saturated p h & function of T 
alone, and the differential coefficient in question is the same aa would 
be obtained from G{p, T) = 0. 

In the above work we have used the symbol A to denote variations 
which may be finite. In the more general case where the temperature 
also varies we are restricted however to infinitesimal changes. We 
now put for the added heat dq 
(254) dq = Xdx + xy'dT + (1 - x)y"dT 

where /, y" are the specific heats of the two components in a state 
of saturation. 
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Thus we should have /, y" connected with the specific heats 
¥p> Yp ^^ constant preBBUre and latent heat coefBcients Ip, Ip" by the 
formulae ,. , ,, , 

/-r,' + V(g). y-r," + ',"{§¥}■ 



Since 


^ 


ie ft perfect differential we have 


(255) 

wHence 

(256) 






a formula due to Glausius. 



148. Applications. From (253) we see that increase of pressore 
will raise or lower the temperature of transformation according as 
latent heat is absorbed in passing from the state of lesser to that of 
greater specific volume or the rCTerse. The former ia the case with 
water and steam, the latter with ice and water. 

Let uB next consider the effects of a Bndden adiabatic compression. 
Patting (29=>0 in (254) we have 

C267) - - "'' + ",^'"''" "^ Tdp 

and the sign of the coefficient of dp on the right hand side determines 
whether the effect of an increase of pressure will transform part of 
the complex from the second to the first phase or conversely. 

If y' and /' are both positive it ia clear that dx and dp will 
be of opposite signs if V > )/' and conversely. This means that 
increase of pressure trausforms part of the complex from the phase 
of greater to that of less volume. For example, in a saturated complex 
of ice and water compression causes liquefaction. 

If }>' is negative (as is the case for steam) and •/' positive the 
same conclusion holds good if «y'^- (1 — a:)j^' is positive, but the 
effect is reversed if this expression is negative. It appears that the 
effect will depend on the proportion of the two components, a slight 
adiabatic compression causing transformation to the phase of greater 
or less volume or no change according as 

j:< t" or x> ^" or a; - -5!^. 
/ - r" Y-y" / - r" 

The effect of a small change of temperature at const^it volume 
may be discussed by means of the equation v =■ xv' + (1 — x)tl\ which 
gives on differentiation with v constant 
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(268) dxiv' - ."} = dT(J^ + (1 - ^) %) 

a relation leading to conclusions closely Bimilar in their general 
character to those just fonnd. 

Finally the relation between latent heat and temperature is given by 

(2M) n-Y + ^-y- 

If y'1> y'' (ae is the case with water and ice) tbe latent heat 
necessarily increases with the temperature. Aa another example if 
gy is negative and -=i > y", then y' must be negative. This result is 
verified in the case of eteam. 

149. Properties at the Triple Point. If we have three phases 
of a anbetance in equilibrium at the triple point, p and T will both 
be constant. If the total mass is unity, the massea of the phases 
being x, y, 1 — a; — y, we have equations of the form 

V =xv' + yv" + (1 - a; - «/)«"', 

u = xu' -\- yu" +{l — x- y)u"', 

s =xä + ys" + (1 — a; — y)ä". 

The temperature being constant the specific heats do not enter 
into the question, but we get 

(260) dq = X^^dx + }^^dy 

where i.^^, Agg are the latent heats absorbed in passing from the third 
to the first and second states respectively. With this notation we 
should evidently write ijj — — «1,5 and 

(261) ^3 + ig, + Ai, = 0. 

The complex involves two independent variables x and y. These 
are determined if v and s are known. Hence the composition of the 
complex can be varied by altering the volume or by adding or witlf- 
drawing heat so as to alter tbe entropy, and these variations may 
be made independent of one another. The variatioDS dx, dy produced 
by these changes are in fact given by the equations 

(262) {v' - v"')dx + (d" - v"')dy = dv 
and 

(263) l^^dx + X^^dy = dq^ Tds 
or 
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(264) (s' " s"') dx + (s" ~ s"') dy = ds 

of which the last two are equivaletit in virtue of the equations 

(265) s'_s'" = %, s"_s"'=%. 



The latent heat of expansion ^ depends on the ratio of dx to 
and is indefinite. This is in '■ 
in which g-^ takes the form -^■ 



dy and is indefinite. This is in agreement with Olapeyron's equation 



CHAPTEE XV. 

PHASE EQüILffiRIÜM WITH MORE THAN ONE SUBSTANCE. 

150. Partial potentials of the constitaents of a mixture. In this 
chapter we shall show how the methods of Thermodynamics can be 
applied to a mixture or compound of Tarious substances when account 
ia taken of variations in the composition of the mixture. This is the 
investigation first published by Qibbs under the title "Equilibrium 
of Heterogeneous Systems". 

Suppose that a homogeneons mixture which we shall call our 
system is formed of masses Ma, M^, M^, ... Jf* of ft different substances 
which we may call A, S, C, . . . K and that this mixture is at uniform 
pressure p and temperature T, the whole volume being V. Then so 
long as the mixture remains homogeneous (as is here assumed) the 
only independent variations of which it is capable of undergoing are 

(a) variations in the masses Ma, Mi, . . . M^ of the constituents, 

(b) variations of the whole volume V, 

(e) variations produced by adding or withdrawing a quantity of- 
heat dQ, i. e. variations of entropy. 

It follows that the state of the system when homogeneous can 
. be completely specified by the masses Ma, Mi,, . . . Mt, the whole 
volume V and the whole entropy S. 

By the extended principle of Conservation of Energy (Chapter V) 
we regard it as an axiom that an entity exists called the whole 
energy of the system and that this energy (/ is a function of the 
variables above mentioned, i. e., that an equation exists for the system, 
of the form 

(266) U=f{S, V, Ma, M„... Mi) 

by which its whole enei^ Ü is defined. 
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The yariation of U is thas given by 

(267) dff='^dS + l^är+2§^^äM,. 

When flie masses Ma, M,,, . . . Mt are kept constiuit the system behaves 
as a simple system for which 

(268) dU - Td8 - pdV, ,.||=r, l^=-p- 
If we write 

du 

the differential of the energy assumes the form 

(269) dU=TdS-pdV + ^ftidMt. 

The coefficient (i/, is called the partial pc^ential of the sabstance 
K in the mixture, or, according to Gibbs, simply its potenUdl. Prom 
this we obtain the following definition in words. 

Let the mass of the stibstance K in the mixture ie increased hy 
the differential quantitif ditf^ wiihout altering the toted vdume or entropy 
of the mixture, and let ate corresponding increase of total energy be 
(ii^dMk. Then /i* is said to be the partial potential of the s^^stanee K 
in the mixture in gtiestion. 

To increase the mass of one of the constituents without altering 
the whole entropy of the system we may conceive the mass dMt 
added at temperature T equal to that of the system and a quantity 
of heat withdravm equal to T times the gain of entropy caused by 
the addition in question. 

151. Expression for the whole thermodynamical potential ^p in 
terms of the partial potentials of the constituents. In the next place 
, we notice that the assumption that the system is a homogeneous 
mixture imposes a certain limitation on the form of the fonction f 
by which the energy is expressed. 

For the condition of being homogeneous involves the property 
that if different quantities of the same mixture be taken, the whole 
volume, entropy, and energy and the masses of the constituents are 
proportional to the quautities, that is, more exactly, to the whole 
masses of the mixture in question. 

Hence, if the masses M^, Mi,, . . . M^, the whole volume Y and 
the whole entropy S are each increased by a small fraction ds of 
their original valnes, the whole energy will be increased by the same 
fraction of its original value. Equation (267) must therefore he 
_ satisfied by 
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dU=Uds, dY=rdt, dS — Sds, dM^ = M„de, . . ., dMt^Mtde 
whence we h&ve by subBtitution 

(270) n-TS-pV+^Mtii, 
and therefore 

(271) g,-!7-rS+j,F-2'*l". 

In other words the potential '^p of the mistare ie equal to the 
sum of the massee of the constituents moltiplied by their corresponding 
partial potentials. 

In the special case of a single substance, the partial potential fi 
becomes, therefore, identical with the thermodynamic potential f,, of 
unit masB at given tefnperature and pressure. 

The above result also follows from the fact that f7is a homogeneoiu 
fonctiou of the first degree in S, V, Ma, . . . Mt (not in general a 
linear function) whence by Euler's Theorem of homogeneous functions 

(272) U-s'^^-t-vl^+^M,^-ST-py+^M.i„. 

In general the potentials /* depend on the percentage composition 
but are independent of the total quantity of mixture taken, so that 
if »>a, mt, . . .mt are the masses of the constituents, v, s the volume 
and entropy, /ta, fib, ■ ■ ■ l^k are expressible as functions of v, s, Wa, ■ ■ ■ mi, 
or if preferred they can be expressed as functions of the pressure p, 
temperature T, and percentage composition as defined by the quantities 
ma, iMj, . . .mj, subject to ^V »»* — 1. In other words /la, iit, ■ ■ ■ f't 
are homogeneous functions of zero degree in 8, V, Ma, ■ ■ ■ Mt. 

152. TrauBformation of the Fundamental Eqnation. The equation 

(266) 'u~f{S, r, M,,... Mt) 

is called a fundamental equation, and as has been stated above, the 
existence of such an equation is an axiomatic consequence of the 
fundamental principles of thermodynamics, and for a homogeneous 
mixture f must he a homogeneous function of the first degree. We 
ehaU now show how to deduce other equivalent forms of fundamental 
equation suited to cases when the system is specified by different 
choices of variables. 

We observe that equation (266) and the subsidiary equations 

(273) 7s ~^' cv"-^' JW.'f' 

form a system of A: -|- 3 equations connecting the following 2& -f ^ 
variables, namely 
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C/S, V, Ma, Mt, . . . Mt, 
(274) 

T, P, fia, lib, . ■ ■ fii 

SO that the variables are completely determined if the valaee of any 
^ -|- 2 of them are given. Äs in the ordinary case of a simple system 
the above system of equations is easily seen to be equivalent to the 
following: 

(275) g, = i7 - rS- = a known function of ( T, V, Jtf«, . . . M^% 
S^ 3S 95 9S 

(276) j^--s, jy-'-p, o; -'»'■'■■■ o; " /** 

or, again, to the following 

(277) %B=Ü — TS-\- pY'^B. known function of ( T, p, M^, . . . Mt), 

in which (275) and (277) are the fimdamenial equations respectively. 
If, following an analogous method, we attempt to form a 
fundamental equation with p, T, (la, l^i,, ■ ■ ■ f'k as independent variables 
the potential function we should logically use would be 



ü-TS + pr-2li,M, 



but this for a homogeneous mixture vanishes by (270). We conclude 
that the fundamental equation in this case takes the form of a relation 
between the variables p, T, [la, fi», . ■ ■ fti alone so that these variables 
are not independent. This case may be best treated as follows. 

(a) If we start with the system of equations (273), (266j we find 
that p, T, [la, fit, ■ . ■ fit depend not on the whole mass of mixture 
taken, but only on its percentage composition so that if small letters 
refer to a unit mass, these k -i- 2 variables are functions only of the 
ft + 2 quantities 

V, S, Wia, Ms, .-•»«( 

which are subject to the relation 

By means of this additional relation we obtain on elimination 
an equation involving p, T, fia, l^b, ■ ■ - l*i only and this relation we 
shall write in the form 

(279) p^>p(T,iia,iH,--.liid- 

(b) Conversely, the last equation will now be shown to be 
equivalent to a fondamental equation of the form (266). For the 
elimination oi dU ft^m the equations 
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^* iw ii 


idepenc 


(282) r-lf. 


-y- = 




80 that an equation of the form 




P = 


' ip{T, [I,, IH, . 


is sufficient to determine 







TBANSPOEKATIONS OP FUNDAMENTAL EQUATION. 

(269) dü~TdS-pdr+^li,dM,, 

(270) U-TS -pV +2ii,M, 
gives 

(280) = 8dT - Fdi) + ^Midin, 

or 

(881) <ij,-~^^iiP + 2'^''»- 

I independent variableB we have 



• ft) 



If the whole maas of the mixture ^ M/. is also given, to be 
eqaal to M, we have for V the equation 

S^ ^-?- - 

whence V iß found and the other variables 8, Ma, Mt, . . . Mi are 
known. Finally the energy Ü is given by (270) whence 

(284) ''-^{H''t}-''+2'"Z} 

Equations (279), (282), (283), (284) are k + A in number and 
they involve 2% + 6 variables namely the variables listed in (274) and 
the total maas M. It follows that any Jc + b oi the variables may 
be eliminated and the resolt will he a single equation between the 
remaining ft + 3 variables which we may take to be an equation 
between U, S, Y, Ma, . . . Jf*. 

If instead of the whole mass, the whole volume V ie given 
equations (282) are necessary and sufficient to determine the 
pressure, whole entropy, and masses of the constituents, the total 
number of variables being now 2ft 4- ^ omitting the whole mass M. 
With this omission equation (283) becomes omitted and the general 
conclusions are the same as before. 

We may also state our conclusions as follows: If the potentials 
of the constituents are given and also the temperature, then the 
pressure, percentage composition and generally the sta^ of the mixture 
OB apart irom its total guantittf are known. 



1^2» 
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153. Phase fiqnilibrinni. While the preceding diecuBBion refers 
only to a single phase of a chemical aystem we now proceed to find 
the condition for the equilibrium of a complex of different coexisting 
phases qc', rp", . . . fp'-"'* each of which consists of all or of a certain 
uamber of the h snbstances A,B,...K. As illustrated by the complexes 
formed of different phases of the same substance discussed in the 
previous chapter, a complex consists of several portions of matter 
which remain in equilibrium without tending to mix or combine into 
a single homogeneous mixture or compound which would be described 
as a single ph^e. These different parts are called the phases of the 
complex. The difference between the phases considered in this chapter 
and those in the last chapter is that here we may have a difference 
in the percentage composition of two phases. As an example we 
may take the case where calcium carbonate, calcium oxide and 
carbonic anhydride (or carbon dioxide) (CaCOg, CaO, CO^ are in 
equilibrium, here we have three phases formed out of the two constituents, 
CaO and CO^. In the caae of ice, water and steam, as considered in 
the last chapter all three phases had the identical chemical composition 
(i?,0). 

In Gj6äs' treatment it is assumed that the effects of gravity, of 
capillary tensions and of electrical and similar forces are neglected. 

If gravity be not neglected the energy per unit mass of a 
homogeneous mixture will not he the same throughout as has been 
assumed. 

If capillary and electric actions between different phases be not 
neglected these phases will have mutual potential energy and the 
whole energy of the complex will bo longer be equal to the sum of 
the whole energies of the parts in the separate phases, as we shall 
assume. 

In the last chapter we found that in the case of a single substance, 
the conditions for equihbrium of two phases require that the pressure, 
temperature, and thermodynamic potential of unit mass fp shall be 
equal in both phases. For several substances we should expect that 
the third condition would be generalised by the substitution of the 
partial potentials ft of the different substances for the potential f^,, 
in other words, that in addition to the temperature and pressure being 
the same in all the phases, the partial potential of any substance 
would be the same in all the phases in which that substance occurred 
in order that these phases should be in equilibrium. 

Consider variations in which the total volume of the complex 
remains constant and no heat enters or leaves it as a whole. From 
Chapter YIU § 94 the equilibrium condition of minimum available 
energy requires that for small vajiations of the first order in which 
the whole entropy of the complex remains constant the variation of 
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the whole energy sludl vaaiBh to the £rst order. Now let ft! and ii" 
be the partial potentiala of any snbstance in two phases. Then a 
variation in which a mass dM of the snbetance in question passes 
from the second to the first phase without altering the volume or 
entropy of either phase has been ehown to be a physically conceiveable 
change (§ 150), and it is consistent with the condition of constancy 
of the whole entropy of the complex. By the definition of the partial 
potentials tbiB change would increase the whole energy of the first 
phase by (tldM and decrease the energy of the second by n"dM. 
And since the two phases are assumed (as explained above) to have 
no mntnal potential energy, the quantity 

represents the increase of the whole enei^ of the complex. This 

increase vanishes, therefore 

(285) /•■-I,". 

We may, if preferred, give the proof in the foUowii^ analytical 
form. If qnantitiee referring to the different phases q>', qi" are denoted 
by correspondii^ accents, and onaccented letters refer to the whole 
complex, we have, since mutual potential energy of the phases is 
neglected 

^ T'dS' -p'dV + ^m'dMi' 



Since the conditions of equilibrium hold for variations which do 
not alter the total volume of the complex or the total mass of any 
substance K and in which no beat passes to or from the complex, 
we have generally 

for all variations subject to 

dS' + S8" +■■■ + tffiW - 0, 
dV +dr" +-- + d7W =0, 
dM^ + SM'J + ■ + J JJf W = 0, 



dMi+dM!;+----\-SMl'» 
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This requires tliat 



By this method the conditions of equality of temperature aod 
pressure as well as of the potentials are established. 

We might if we preferred deduce the conditions of equilibrium 
by supposing the complex to be surrounded by a medium of temperature 
T^ and pressure p^, and forming the available energy according to 
§ 90, in this case we should obtain tbe farther condition that the 
temperature and pressure of each phase were equal to T^ and p^ 
respectively. 

154. Case of absent constitneuts. If any component is entirely 
absent from any particular phase, it is necessary and sufficient that 
its partial potential where it occurs should be less than the potentials 
which it would have if it were present in infinitesimally small 
quuitities in the phases from which it is absent. 

Thus let [i' be the p'otential of a substance in the phase in which 
it is present, /i'*' the potential it would have if present in infinitesimal 
quantities in a second phase. Then if a mass dm of the substance 
were to pass from the first to the second phase without altering the 
whole volume or entropy of either phase the increase of energy would 
be (ii^"^ - it')dm. 

This must be positive or zero, hence [i' < /tf*'. Bat a "change in 
the opposite direction is impossible, hence the energy does not 
necessarily satisfy the usual analytical conditions for a minimum, that 
is, its variation of the first order does not necessarily vanisb, and 
fi' is not necessarily equal to ft'"'. We have in fact a case in which 
only "unilateral" variation is possible as considered in § 89b. 

155. The Phase Rnle. Now let us investigate the maximum 
number of different phases which can exist together in a single 
complex formed out of the k different substances A, B, . . . K. 

Since the temperature and pr^sure are the same throughout, 
and the partial potential of each substance is the same in all the 
phases in which that substance occurs, we have only Ti-\-2 variables 
at our disposal, namely the common pressure and temperature and 
the values, common to each phase, of the partial potentials of the li 
substances. We may therefore denote these values by p, T, ;*„, . . . ^t 
without using accents to distinguish the different phases. 

Moreover we have shown that the existence of any phases tp 
involves a fundamental equation of condition, which may be written 
in the form 

P^fp{T, tia, fib, ■■/**)■ 
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In general the number of equations of condition c&onot exceed 
the number of variables at our disposal and we thus eonclnde that 

(1) There cannot in general be more than h + 2 phases in 
equilibriam formed of h sabatascea. 

(3) If these k + 2 phases all coexist, the variahlee are all 
completely determined, and tbia case can only occur when the pressure, 
temperature and partial potentials have one or more definite discrete 
valnea. Such a complex is called invariant or avariant because no 
change of a physical character can take place without disturbing the 
eqailibrium of one or more phases. The relative guantUies of the 
different phases may however be varied, but their percentage com- 
positions and the volumes and entropies per imit mass of each will remain 
constant. The state in question is called a mtiltiple pomt of order Jc + 2. 
The triple point of the last chapter is the special case for % = 1. 

(3) If only h + 1 phases are coexistent, the complex possesses 
one degree of freedom imd is called univariant. If the pressure or 
temperature is given, or more generally any single additional arbitrary 
condition is imposed, such as a relation between pressure, temperature, 
and potentials, the k + 2 variables will be completely determined. 

(4) If k phases coexist the complex has two degrees of freedom 
and is called bivariant. It can now be made to satisfy two additional 
arbitrary conditions, for example, both pressure and temperature may 
be given and may be independently varied. 

(5) If generally i phases coexist the complex is called muHi- 
variant, its variance being of order ft + 2 — * and denoting the 
number of its degrees of freedom. 

These conclusions constitute the Phase Rule of Gibba. It will 
be noticed that the variations above considered have no reference to 
the quantities of the different phases present in a given complex. 
Moreover the eonelusioua are equally valid when the components are 
not preaent in all the phases. In the case of absent components the 
potentials of these components will not enter into the fundamental 
equations of the corresponding phases, but the number of equations 
and the number of variables will be the same as before. 

A few examples will make this latter point clearer. 

Ex. 1. Suppose ^, B to be two substances which can never mix. 
If Ä is at the triple point, the temperature and pressure are known. 
These will not in general satisfy the condition for equilibrium between 
two phaees of B, and hence B only can occur in one phase, giving 
four phases altogether, in accordance with the rule. 

If however only two phases of Ä occur, we have a single relation 
between the temperature and pressure and we can make tbem satisfy 
a aecond relation necessary for the coexistence of two phases of B, 
giving, as before, four phaaes. 
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Ez. 2. Consider a saturated solution of salt in the presence of 
undissolved salt. We have two phases with two components. If 
the temperature and pressure are given the strength of the solution 
will be completely determined. 

Ez. 3. K the solation of the last ezample is also in equilibrinm 
with vapour of the solvent, then if the temperature alone is given, 
the vapour presenre will be known and the state of each of the three 
phases completely determined. 

156. Application to the thermodynamic potentials of gas -mixtures. 
We may now give a more satisfactory discussion of the question 
treated in § 122. 

We assume that if a liquid is in equilibrium with its vapour 
alone at temperature T and pressure j)', it will aleo be in equilibrium 
at temperature T with its vaponr mized with other gases, if the 
partial pressure of the vapour be p'. 

Now in the first case the potential fp of the liquid is equal to 
that of the vaponr, and in the second case it is equal to the partial 
potential of the vapour in the miztnre and a comparison of the 
equations of § 127 

f,-«y + (i-i)f," 

with the equations of § 151 

\p ^ p'm' -\- ft" m" (m' = x, m" = 1 ~ a;) 

shows that this partial potential fi! is the same as the f,' of 
Chapter SIL 

If the potential of the liquid were the same in both cases, we 
should have the potential of the vaponr ezactly equal to its partial 
potential in the miztnre at the same temperature T and partwl 
pressure j/. 

This is not strictly the case, for if jj" be the partial pressure of 
the remaining gases, the surface of the liquid is in the one case 
subjected to the pressure j/ and in the other case to the total 
pressure p' + p", and the ezpreseion for fp, viz. 

\^ = u-Ts+pv 

shows that even if the liquid has the same specific euei^ and 
entropy in the two cases, its potentials will differ by the amount ji" v. 
But to obtain some idea of the percentage error commonly intro- 
duced by neglecting this term we may take, ae an ezample, water 
and its vaponr at 100" C. Here the volume of the vaponr is 1650 times 
that of the liquid so that the percentage error is comparable with 
what would be introduced by an error of observation of 0.06 per 
cent in the estimation of the partial pressures or temperature. 



Digit zed by Google 



POTENTIALS OP GAS MIXTÜEES. 161 

In deciding as to the most saitable aBBamption to make in the 
hypothetical case of a perfect gas, the most nataral plan is to 
regard the equation pv = BT as a limiting case of yan der Waals' 
equation or some analogous form. Bat when van der Waals' eqoation 
is written in the form of a cnbic in v and the constants a, h in it 
are subsequently made equal to zero, two of the roots of the cubic 
Tanisk We conelnde that in order to bring the properties of perfect 
gases into harmony with those of ordinary gases we must take the 
limiting form of tie result of the preceding inveatigation when the 
ratio of the volumes of the liquid and gaseous phases is made 
infinitely small. 

We thus have the result that the partial potential of a perfect 
gas at giyen pressure and temperature is independent of the other 
gases with which it is mixed. 

The loss of available energy and gain of entropy by the diffusion 
of two such gaees then follows the laws discussed in Chapter XII. 

[If we adopted any other hypothesis, as, for example, that no 
available energy was lost by the diffusion of perfect gases, the study 
of the properties deduced from auch an assumption would be devoid 
of physical interest and the "perfect gases" so defined would possess 
no resemblance whatever to actual gases in regard to these properties.] 

157. To find the fandamental equation of the mixtnre in the 
form of a relation between p, T and the potentials, we first transform 
the equation (Chapter XII § 122) for the potential of a single gas 
so as to give p explicitly thus 

p = e «^ T~» e"^ . 
We now notice that when the gas occurs in a mixture the partial 
potential n takes the place of fp and the partial preraure of the gas 
is determined by the same equation. And since the total pressure 
of the mixture is equal to the sum of the partial pressures of its 
components we get for the fundamental equation of the mixture 



Ae^^°T^e a- \ 



where the accented letters denote quantities which are different for 
the different gases'), and the sign of summation refers to these 
several gases. 



1) This \» reducible to the form given by Gihhs on subBtitating 7, + B 
y and ii„-|-plogB for «„. 
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CHAPTER XTI. 

EEVERSIBLE THERMOELECTRIC PHENOMENA. 

158. Definition of a Rerersible Galvanie Element The flow of 
electricity through condacton is associated with several heat phenomena, 
some of which are reversible and others irreTersible. 

When a current / flows through a wire of finite resistance R, 
and of uniform temperature throughout, available electrical energy of 
amount I'll per unit time is absorbed, and either a quantity of heat 
equfd to this is given to the äurrooDding media or a rise of tem- 
perature occurs in the wire equal to that which would be produced by 
imparting this quantity of heat to it. If the direction of the current 
he reversed the same transformation will take place. We have 
therefore a simple case of irreversible conversion of work into heat 
in the substance of the wire itself as explained in § 81, and 
entropy is generated in the wire at a rate per unit time represented 
by -jT- 

As however the laws of irreversible thermodynamics are represented 
by inequalities instead of equations, we must in order to study 
reversible phenomena, leave this heating effect out of account, and 
for this purpose it is necessary either to assume perfect conductivity 
{B ^0) or to suppose the flow of electricity to take place infinitely 
slowly. If e is the quantity of electricity flowing through the wire 
in time / and we consider the simple case of a uniform current, we 
have e = It, bo that the quantity of energy transformed is equal to 
~-r-> >^d keeping e constimt this quantity may be decreased in- 
definitely by increasing t, as well as by decreasing M. In either case 
the differences of potential in the conductors due to the cnrrents 
vanish. In dealing therefore with a galvanic cell of finite electromotive 
force JE we must therefore suppoee a motor or a condenser (e. g. an 
air-condenser with parallel plates) included in the circuit giving rise 
to an equal and opposite electromotive force, and when a quantity 
of electricity de flows from the positive to the negative pole of the 
cell through the motor or in the same direction relative to the cell 
in connection with the condenser, a quantity of external work Ede 
will be done by the motor or by the attraction of the plates of the 
condenser. On reversing the process an equal quantity of avulable 
enei^ must be supplied horn without, in the form of mechanical 
work. In this statement it is assumed, consistently with the principles 
of electrostatics or electromi^netism that the electrical energy passing 
to or from the condenser or motor is wholly of the nature of 
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aTailable energy. This is true consisteBtly wiUi what is proved 
later on if the electrodes (i. e. the points at which the carrent enters 
or leaves the region included in the cell) are of the same material 
and at the same temperature. This is assumed. 

A p&rfecSy resers&He demmt may therefore be defined as one in 
which no available energy is lost by the passage of electricity between 
the poles or by any of the other transformations contemplated in 
reversible thermodynamics. If then a quantity e of electricity passes 
between the poles in one direction and an eqnal quantity then paaees 
in the opposite direction, no other change taking place (the trans- 
formation being adiabatie) the element will return to its original 
physical and chemical state. 

159. ApplieatioB ef Ttaermodynamic Equations. When in addition 
to the last mentioned changes heat may pass to or from the element, 
other changes being excluded, the element behaves as a simple system, 
and its state at any instant can be specified by two coordinates, 
namely the whole quantity of electricity that has passed between the 
poles, denoted by e, and the entropy, or the temperature. That e 
can be regarded as a coordinate is most readily seen when the circuit 
is completed by a condenser. 

Since Ede is the external work done corresponding to the 
variation de, we have by the laws of thermodynamics 

(287) dU=TdS-Ede. 

If then 

%.= ü- TS, 

%g will be the thermodynamic potential corresponding to %, for a 
simple substance, and we shall have 



^5.- 



(-•1 



a relation firBt oblauied by Gibbs. 

Since d^, is a perfect differeotial 

f^«») a.=(4f),=fi(su^i- 

Potting 



we obtain 

(290) l-E-TgD_. 
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Tlie interest in this equatioUj whieh is known as HdmhiAtz' equation 
lies in the physical meaning of X. In fact X ie the loss of internal energy 
per onit qnantity of electricity generated in the circuit at constant tem- 
perature T. The constancy of temperature and the exclusion of other 
variations shows that this energy has its origin in the chemical 
comhinations formed in the element during the change. Now the 
quantities of the different substances combined in connection with 
tiie passage of a unit electricity are called the dedrochemiced equi- 
vcJents of these substances. Moreover the quantities of enei^ evolved 
by them are called their beats of formation (expressed in work units) 
because in the simplest experiments on chemical combination the 
evolved energy takes the form of beat. Hence X is said to be 
eqoal to the algebraic sum of the heats of formation of one 
electrochemical equivalent of each of the active Bubstancea contained 
in the cell. 



160. Separation of the Thermoelectric Effects in the circuit. 
From the last section we see that E is not equal to X unless S and 
therefore X is independent of T. In other cases we have 



^(11).= ^C 



Here Ede is the total electric energy associated with the 
change de, Xde the energy arising from chemical reaction and we 
see that the remainder is TdS, and represents the energy supplied 
from without in the form of heat. The coefficient which is equal 
to j-~- represents therefore the part of the electromotive force due 
to direct thermo-electric actions in the element. 

When no chemical changes occur, so that X = 0, equation (290) 
gives on integration 

(291) E=CT 

where C ie a constant. Hence the thermo- electromotive force in an 
ideal element consisting of metals or other substances in contact, 
between which do chemical action takes place is proportional to the 
absolute temperature. 

In the more general case where i is not zero, E and X will be 
functions of 2 alone, so long as the battery is continuonsly working. 
In this case equation (290) gives on integration 



E-TlC-r^,dT\ 



-Si 
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161. Oibbs' Ponnitla. If it is possible to assume I to he inde- 
pendent of T this giveB 

(293) 1S-t[0 + ^) 

or putting C = — „- (C may be positive or negative) this gives 

(294) E=l^^- 

This result was given by Gibbs, who deduced it by the application 
of a cyclic transformation to the element. It does not however 
appear to be deducible from purely thermodynamic reasoning without 
some assamption. It necessarily involves the converse property that 
X (but not E unless 7"^ = 0) is independent of 2" and farther that 
the total thermo- electromotive force JS — J. is proportional to the 
absolute temperature T, as in the case where no chemical action 
takes place. 

A very single assumption which leads to Gtibbs' formula is that 
the iherm(d capacity of the c^ is tmaffeded iy any chemiccU changes 
which take place in it. Thus supposing we are dealii^ with zinc and 
snlphnric acid we assnme that the heat required to raise the tem- 
perature 1" is the Bame for the zinc sulphate as for the separate 
constituents. If we start from this assumption we have, taking T 
and e as variables, 

(jqr) = function of 2" only. 



. ■ . {-T-j is independent of T, 

. ■ . — y— is independent of T. 

Also the assamption that the battery is in continuous action 
makes E and ). independent of e. Therefore 

— =— ^ constant C 

as in (293). The converse is also true as may easily be seen. 

162. Temperatare of Transfonnation. The constant T^ in the 
equation of the last article has an important physical meaning. For 
if the temperature T '^ Tf,, E vanishes and as T increases past the 
value Tg, E changes sign. 
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At the temperature T^ a carrent can flow through the circnit 
&eelj in either direction, and there being no electromotiTe force, no 
energy is absorbed or given out to the current. The chemical 
chsngea occurring in the cell will depend on the magnitude and 
direction of the current bnt the energy involved in them will be 
wholly transformed in the form of heating. 

When the temperature exceeds Tg the carrent tends to flow in 
the opposite direction, its flow being accompanied by dissociation of 
the compounds formed in the previous case. The procesa of com- 
bination can then only be continued by inserting an external electro- 
motive force in the direction hitherto regarded as positive and thus 
snpplying external electrical energy. 

These conclusions which are verified by experiment, are not 
dependent on the particular form of equation (294). 

Taking the perfectly general thermodynamic formula (390) we 
may write it in the form 



"A- 



(295) E=Tl jr^dT. 

T 

Here Tg will be the temperature of transformation, and will possess 
all the properties above stated. 

163. Effect of changes of volame or pressnre. In such cases as 
that of a gas battery where expansion takes place under external 
pressure, an additional variable must be taken into accotmt namely 
the volume V or the pressure p. The equations give 

dV=TdS~Ede-pdV 
and taking the thermodynamic potentials 

%y~V-TS, % = V T8-\-pV 
we obtain in the usual way 

d%v = -SdT~Ede-pdV, 

d%p SdT-Ede = Vdp. 

The conditions for a perfect differential now give rise to six 
reciprocal relations between the differential relations; of these the 
only ones which have not been already discussed in §§ 112 — 114, are 

p^) (a,=(Ä).,' o..r-m.. 

The last relation shows that the electromotive force increases or 
decreases with the pressure according as the volume decreases or 
increases when a current flows throngh the battery. 
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la a constant preesnre battery in continuous action at constaut 
temperature the change of volume depends on the chemical trans- 
formations taking place in the battery, and is proportional to the 
qoantities of the chemical constituents involved in the chuige, or 
again to the qnantity of electricity that has passed through the 
battery, giving ^y 

■ (-T-l = constant, , 

\de/pT ' ' 

in accordance with Faraday's Law. Thus for example if we take the 
case of hydrogen and oxygen, the value of [ j] will represent 
the difference between the volumes of one electrochemical equivalent 
of oxygen and hydrogen and that of water at the temperature and 
pressure of the cell. We may therefore write 



= function of p, T only. 



(29') Or 



This equation may be integrated heepmg T condant in order to 
compare the electromotive forces of the same battery at two different 
pressures trf Qie same temperature provided the (j>, V, T) equations of 
the substances involved are known. 

Example. Suppose the substajices to conBist partly of solids and 
liquids whose volume may be approximately assumed to be independent 
of the pressure, partly of gases which obey Boyle's Law. Then at 
constant tempersture T 

(298) -^^ = ^ + ^ 

where A is the change of volume of one electro - chemical equivalent 

of the solids and liquids, — that of the gases. Theu the int^ral 



(299) E(j,,T)^ E(p^-A(r,-p,) + BT\^b- 

The experimental aspect of such equations has been studied by 

G^MUlt. 

164. The Peltier and Kelvin Effect«. Hitherto we have con- 
sidered thermo-electric phenomena that ore associated with chemical 
action. We now proceed to discuss more fully those phenomena 
which occur in systems of conductors in which no chemical action 
tabes place. Such conductors are called condactors of the first doss, 
those previously considered being classed as conductors of the sec<md dass. 
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The thermo-electric phenomena occmring at the snr&ce of 
separation of two condnotors of the first class are known as Uie 
Pdtier Effect. There is in general a difference of potential (77) at 
the two sides of the surface, and when a quantity of electricity 
flows across the surface, the energy corresponding to the change 
takes the form of heat absorbed or given out at the surface, in jtist 
the same ^ay that when friction occurs between two bodies each 
appears to receive heat from the common surface of separation. 

From g 160 it appears that in an element in which the only 
electromotive forces are those due to contact, the sum of these, 
representing the total electromotive force, must be of the form CT, 
i. e. proportional to the absolute temperature. 

This result may be generalised by taking a (non- resisting) circuit 
formed of any number of metals. Let 77i, 77^, Jig be the electromotiTe 
forces of contact at the various junctions taken in order round the 
circuit T, , T^, T^ the absolute temperatures. 

Let e units of electricity flow round the circuit in the positive 
direction. Then the quantities of energy gained at the junctions are 
ellj, eTTj, eJ7j, and these represent the quantities of heat absorbed. 
Since the process is reversible, the sum of the corresponding changes 
of entropy is zero. That is 

(300) n,_|_^_^^_l____Q_ 

Now let all the temperatures of the junctions but one, 2V be 
kept constant. Then it follows immediately that 

IT. 

-=■ ^ constant, 

and calling this constant C we have 

(301) nr = CrTr and 20=^0. 

Thus in a reversible circuit in which no oiher electromotive forces 
occur üie Peltier effect at any jtmdion must be proportiomd to the 
(^solute temperature of that junction and further the sum of the co- 
efficients Cr mMs( be cdgehraicaUy zero. 

In particular the electromotive force in a circuit of two metals 
will be proportional to the difference of temperature of the junctions. 

Now in practice it is found that when the temperature of one 
junction is kept constant and that of the other is raised, the current 
instead of always increasing may vanish and change sign. From this 
it follows that conformably with the laws of thermodynamics, other 
electromotive forces must exist in the circuit. From ai^^uments of 
this character Lord Kelvin was led to the discovery of the Thomson 
or Kdmn effect according to which: 
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When differences of temperattire eaist ai differed points of the same 
suh^ance, they are in general accompanied by a difference of potential. 

These differ enees of potential which are here discnesed in 
connection with an ideal reversible circnit are of course entirely 
independent of those dne to resistance in irrerersible circuits. 

The energy absorbed when electricity passes from a place of 
lower to one of higher potential is necessarily supplied in the form 
of heat, and hence the phenomena give rise to reversible heating 
effects which are independent of the irreversible effects due to con- 
duction of beat in the cases which occur in practice. To these 
heating effects the name "electric convection of heat" has been given. 
In order to eliminate the effects of irreversible heat conduction, it 
is necessary to assnme that the thermal conductivity of the connections 
forming the circuit is negligible. 

The laws of reversible thermodynamics show that under the 
assumed conditions, when a unit of electricity flows round the circuit, 
the sum of the energies given out in the form of heat at the jnnetions 
and in the conductors is equal to the whole electromotive force 
tending to produce a current in this direction in the circuit, and 
the sum of the entropies given out is zero. 

The last statement shows that the total quantity of entropy 
absorbed when a unit of electricity ia made to pass from one point 
to another point P of a thermo-electric network is independent of 
the path by which the charge travels from to P. If we denote 
this quantity by X) ^^ notice that since the present result is unaffected 
by the addition or substitution of hypothetical connections of the 
most general character between and P, the quantity % '^^ ^^7 
depend on the temperatures and nature of the substances at and P. 
And by taking to refer to a standard substance at a standard 
temperature we shall have j; a function of the temperature and the 
nature of the substances at P which we shall write % {<^) ^) for 
substance a at temperature T. This function will determine all the 
thermo-electric phenomena occurring in the system. 

Thus if Has is the electromotive force at temperature T of the 
Peltier Effect between two substances a and b, 
(302) n.,-Ht{a,T)~i(h,T)\- 

Again let CadT represent the electromotive force of the Kelvin 
effect correspondii^ to the temperature difference dT for substance a 
then since 

ff„ dT = increase of energy of unit charge corresponding to dT 
= Tx increase of entropy = Tdx{a, T), 



(30S) ..t.-lii^ 
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The coefficient «„ hae been called by Lord Kelvin the epecifio 
heat of electricity for substance a at temperatare T, becanse e^dT 
represents the heat absorbed by unit charge for a chaise of tempe- 
rature dT obtained by moving along the wire. It will be noticed 
that a and 11 are connected by the relation 

(304) ^(^)^fip_0 

which is identical with the relation between the specific heats and 
latent heat of transformation in a complex of two phases of the 
same substance. This identity is a necessary consequence of the 
physical interpretation of the two equatiom, which represent the feet 
that the sum of the entropy changes is zero in a circuit of two 
metals and a cycle between the two phases respectively for a 
temperature -difference dT in the neighbourhood of T. 

165. DetermiDatioii of the Total Electromotire Force. If two 

points are taken in the same homogeneous conductor at temperatures 
Tj, Tg the electromotive force between them is given by 

T, T, 

(305) E =./"«„ dT ^frdx (aT) = 0(T^) - *(2\) 

where 0(T) is a function of T alone. This follows since x(aT) ie 
a fanction of T alone so long as a is the same. Hence so long as 
the substance is the same, the thermo- electromotive force is derivable 
from a potential ^{T) satisfying the relation 

(306) dO - Tdx- 

^ ^ Next consider a 

^ ' ' '^ number of Conducton 

" ^ ^ ^ a, 6, c, . . . Ä in series 

"' with their junctions at 

temperatures Tj, T,, . , . Tt—i. Then the espresaion for the whole 

electromotive force between [a, T^ and (A, T^) can be written in the 

following various forms 

(307) -E= *(a, 2\) - *(a, TJ + JI,i(T,) 

+ «(6, r,) - *(fe, r„) + ji»,(r,) + &c., 

(308) E -JTdiiaT) + T, |;((6T.) - ,(»1-.)) 

+/l'd;i(M')+ T,|i;(.,J,)-l(S,J',)|+ fa, 
or, again, by partial integration the last form gives 
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(309) E - T,x(Ji, n) - TaiaT;) -Jx (aT) dT~Jx{h, T)dT~ &c. 
which may be irritten 

(310) = T^xiK T,) - T,x («, r„) -fx dT 
whence for a complete circuit 

(311) E-^{f)idT. 

We BOtice the following conclasions, which are itt accordance 
with the reenlts of general reasoning: 

(1) If the circuit is aU formed of one mtttd B=Q. 

(2) If the junctions are oH at the same temperature E = 0, for as 
in any conductor % is a fv/ncHon of T only, therefore if ihe two ends 
are at the same temperature, the portion of (Ae integral contr&>wted by 
that condwior vanities. 

We further notice that the electromotive force in the comjßete 
cireuit is the same as would be obtained by assuming an electro- 
motive force xdT to act between points of the same substance whose 
temperature difference is dT and no electromotive forces would then 
have to act at the junctions. In other words tbe whole electromotive 
force can he accounted for by a suitably formed expression for the 
Kelvin effect without any Peltier effects. But auch an expression 
would not give rise to the same beating effects, nor would it bring 
these heating effects into accordance with the Second Law of 
Therm odynamics. 

166. CoDverse Problem. — Specifleation ef a Thermo-electric 

System. Next suppose that we have a circuit formed of two metaU 
a, b and that we have determined its electromotive force for different 
values of the temperatures T^, T^ of the two junctions, so that 

E-f(T„T,} 

a known function of T^ and T,. 

Then we may write the relation (308) in the form 



(312) fMaT)-x(b,T))dT-tiT„ 1,1 



therefore 
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(313) Z{»,r,)-I(>,3",)- 






(314) J (a, T,) - I (S, T,) _ - ^-i%Sl 

and by varying one or other of the temperatnre limits it follows 
that X (a, T) — X Q>, T) is determinable from these data for all ralaes 
of T. 

This information is sufficient to completely determine the Peltier 
effect at either junction, bnt it is not so^cient to determine the 
Thomson effects in the two separate conductors. All we know from 
the assumed data is the difference % {a, T) — x Q>, T). If the values 
of one of the espreaaions x {p-t ^) ^^ determined by observations of 
the heating produced by the Thomson effect in one of the metals 
the corresponding values of x i^r ^) ^^^ completely determined. 
Without this additional information the expression for x ^ ^™J 
substance must be regarded as containing an n^notcn term in the 
form of cm unknown function of T alone which is the same for aU 



It also readily follows that the thermo-electric properties of a 
number of different substances can be completely determined from 
the following data, each of which may be regarded as the comply 
specißcation of an ideal Ihermo-dedric system: 

(1) If the specific heat of electricity of each of the substances 
is known as a function of the temperature for all temperatures, and 
the Peltier electromotive forces are known at one particular tempera- 
ture between one substance and each of the others. 

(3) If the specific heat of electricity of one of the substances is 
known as a function of the temperature, and the Peltier electromotive 
force between that substance and each of the others is known as a 
function of the temperature for all temperatures. 

In either case the remaining unknown data may be determined 
from the relation 



(31^) A-m^ 



or the eipresaione for x Di^y ^^ obtained directly from (313) or (314). 
Any further experimental data in excess of the minimum must 
be interpreted as tests either of the accuracy of the observations or 
of the validity of the laws of Thermodynamics. 

Example. Let us assume for JS the expression proposed by Tait 
namely . 

(316) E = Ä.6 (J', - 3'a) [Ta, ~ i (Ti + T^)] 

where Tai,, hai, are constants. Then 
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(317) x{a,T)-~tih,T) = k,,{T,,-T) 
whence 

(318) i7,ft = Icat (T^i -T)T 

so tli&t Tab is ^Q temperatare at which the two metals are neatral 
to each other (iT,« ^ 0), alao 

(319) ff^ - ffj -=. - Ti^^T. 

This is as far as we can go by parelj thermodynantic reasomng. 
The only plausible hypothesis is that ffa and *» we both proportional 
to T. If for one substance a is assumed as the result of experiment 
to be proportional to T within certain temperatare limits, the same 
result is now established for other substances within the same limits, 
subject of course to (319) being true within these limits. 

In the case of lead (say 1} it is known fi-om experiment that 
Ol is sensibly zero oTer a considerable range of temperature; on this 
hypothesis 

(320) e, ka,T, o^=^-h,T, ka^^h^i-ht 

and if the above result for lead should be shown to be only 
approximately true, the ärst hypothesis would still give 

(321) (Ja k^T, at=-hT, Kb=-K-h- 

ka, kt in this case being referred to an ideal substance (I) for which 
= 0. We further have by cyclic addition of (319) 

(322) (k, - k,) T,, + (h - ka) T,^ + {K - h) T^„ = 
whence we may write 

(323) x(a,T)-k.{T.-rj, 

(82*) x('>,T)-h(T,-T), 

supposing Ta, Ti to be the neatral temperatures of a, h with respect 
to lead or the ideal substance {I) referred to. The integration constant 
which occurs ia the value of x (depending on the initial state assumed 
in the definition of x) '^ i^^re made to vanish by taking the initial 
state in the substance I. 

167. Effects of the Cnireats on Localisation of Energy and 
Entropy. The phenomena discussed in the preceding articles afford 
evidence that ihermo-electric currents may alter the localisation both of 
energy and entropy. 

Suppose any number of conductors, maintained at a distribution 
of temperature which is independent of the time, to be placed in a 
thermo-electric circuit, and after a quantity of electricity e has 
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passed throagh the circuit suppose the coudactors to be isolated. 
Then energy and entropy have been absorbed at the oondactois 
during the passage of the current, yet at tbe end there is no change 
in the state of tbe conductors Üiemselves. It is therefore clearly 
absurd to suppose that tbia energy and entropy have been stored in 
tbe conductors, and we have no alteroaÜTe but to suppose them to 
be localised in tbe electric chaise itself. 

So &r as energy is concerned, this view forms the basis of the 
most elementary theories and no better evidence can be adduced 
than the important applications of electric transmission of power, by 
which for example, energy is made to change its localisation from a 
waterfall to a tramcar. 

Consistently with the theories of the previous articles we have 
now to assume that tbe entropy which for charge e at temperature T 
in substance a is denoted by ex (a, T) is loctäised in Qte charge Usdf, 
and that during aU peregrinations of tbe charge, a certain amount 
of entropy follows it about. Wben owing to the changes in o or T, 
tbe function 2 increases, entropy is picked up by the charge, when 
it decreases, entropy is left behind. 

In the case of a charged conductor whose temperature is being 
raised, we may first suppose the charge brought to the conductor 
from a fixed base, and after tbe conductor has been heated we may 
suppose the charge returned to the same base. The principle of 
conservation of entropy for reversible cycles requires that entropy 
shall be supplied during tbe process of heating, represented by the 
increase in the value oi %. If no other phenomena exist which can 
account for tbe change, we infer that heat must be supplied to the 
conductor, over and above tbe amount required if tbe conductor 
were uncharged, and that tbe "specific heat of electricity" is the 
proper thermal coefficient in this case as it is in connection with 
"electric convection of heat". 



CHAPTER IVn. 

GEOMETRICAL AND DYNAMICAL REPRESENTATIONS. 

I6S. Thermodynamic Models of a Simple System. The meüiod 
, of representing the thermodynamic properties of a simple system, 
BQch as a homogeneous fluid by means of a geometrical surface in 
three dimensional space is due to J. Willard Gibbs. For convenience 
we shall suppose tbe quantities involved to refer to unit mass, 
though the methods will be closely analogous if tbe whole mass of 
the sobstance is considered. 
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Taking x, y, s to denote coordinates generally if we put 
x = v, y = s, e = u 
where v, s, u are the volame, entropy and energy of nait mass at 



the substance, we i 
definite ftmction of v s 



that I 

say 



for any given substance, i 



-««,5), 



the point {v, s, u) Lies on a certain anriace which may be regarded 
as a thermodynamic modd of the snbstance. 

We may construct other surfaces representing the thermodynamic 
properties of the enbsfcance by taking 





x^v, 


y-T, 


»-f. 


or again 








or Ibbuj 


X-f, 


y-T. 


«-t. 




x-p, 


y-s, 


»-f. 



where f,, ^p, f, are the thermodynamic potentials, 

f, •- M - Ts, fp = « - Ts +pv, f, = M +pv. 

Of the four surfaces thus defined any one is sufficient to 
determine the thermodynamic properties of the substance. The most 
conrenient however as a general rale are the (v, s, u) surface and 
the (p, T, fp) surface. The first is usually spoken of as the rolume- 
entropy energy diagram, or thermodynamic model; the second is 
often called Gibhs' Zeta surface, the Greek letter £ being used by 
Gibbe to denote the potential which we have denoted by f,. 

169. Reciprocal properties of the Tolnme- entropy -energy and 
pressnre-temperatnre-potential snrfaoes. We may conveniently stady 
the properties of these two surfaces side by side, and it will be 
observed that they are connected by the principle of duality. 



The («, 8, «) surface. 
The equation of the tangent 
plane at any point of the surface is 



'-»-(»--)|f + (!'-»)^ 


>-\,-(.x-p)'j^ + (y-r)'i 


tliat is 


that is 


« - » - - (j!-b)j) + (n-fjT 


>-^,~(x-p)v-(!i-T), 


or 


or 


!--px-^Ty + \,. 


e = vx — sy + w. 



The (i), r, fp) swface. 
The equation of the tangent 
plane at any point of the surface is 
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Hence —p, T, f^ are the tangential 
coordinates of the point u, s, v 
when the equation of the tangent 

plane is put in the form 

B =^lx -\- my + ». 

The condition of atabilitj in 
the state (Vy s, m) requires that for 
any neighbouring state {v', s', u') 



-pV- 



«). 



V) + T(i 

If now the line through (i/, ä, w') 
parallel to the axis of z meets the 
tangent plane at (t^, s, u) in the 
point (i/, ä, 2) this gives 

U'>B. 



Hence the z coordinate of the 
sartace is greater than that of the 
corresponding point on the tangent 
plane, that is the surface is concave 
towards the positive direction of 
the axis of 2 or u. 



Hence v, —s,u are the tangential 
coordinates of the point p, T, fp 
when the equation of the tangent 
plane is put in the form 

z = lx-\- my + M. 

The condition of stability in 
the state {p, T, fp) in the opposite 
column, leads to the result that for 
any neighbouring state (p', T', y) 

l<\; + ii'(p-i/)-i{T-r). 



If now the line through (p, T, fp) 
meets the tangent plane at the 
neighbouring point (p', T', fp') in 
the point {^p,T,!^^ this gives 

Hence the z coordinate of the 

surface is less than that of the 

corresponding point on the tangent 

plane, that is the surface is convex 

towards the positive direction of 

the axis of s or fp. 

[The reciprocal properties of the two surfaces are easily seen to 

be consequences of the theory of polar reciprocation in geometry. 

For supposing two surfaces 

h - /K«!- Vi) and s, =fi{Xi, j/s) 
to be polar reciprocals with respect to the paraboloid 

then since the tangent plane at {x-i, y,, z^ is the polar plane of 
(aTj, y,, ^j) the equations 

d«, , di. I ii, , dz, \ 

^ - ^SS; + »d^' - (^' 5^ + S'> dy' - ^0 
and 

Ä -H iTg = a:a^ + yy^ 
are identical giving 



' dy,' 



^.-^ji+Vis^. 



"i-dx^ 



äy. 



which are exactly the same as the relations connecting the coordinates 
on the two eorfaees with certain differences of sign.] 
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170. Properties of a complex. 

If two phases coexist then the 
coTTespondisg points on the (v, s, u) 
suif&eea have a common tangent 
plane determined by the tangential 
coordinates (p, T, fp) wbieh are 
the same for both phases. 

If three phases coexist, p, T, f^, 
are the tangential coordinates of a 
triple tangent plane to the three 
corresponding parts of the thermo- 
dynamic anr&ce. 

The boundary between any two 
phases is determined by a tangent 
plane rolling in doable contact 
with the two corresponding parts 
of the Borface; this plane envelopes 
a developable surface. 



If two phases coexist then the 
point (p, Tf fp) lies on a curve of 
intersection of the corresponding 
parts of the thermodynamic aar- 



If three phases coexist then 
the point p, T, fp is at the common 
intersection of the three correspond- 
ing parts of the thermodynamic 
surface. 

The boundary between any two 
phases is determined by the carve 
of intersection of the two cor- 
responding parts of the thermo- 
dynamic surfaces, and the proj ii^tion 
of this curve on the plane of (p, T) 
determines the curve of saturation 
referred to p, T as variables. 



171. Representation of an actual complex on the (v, s, u) surface. 

Let (»/, s", «') and (n", s", «") represent two phases of the substance 
which can esist in the presence of each other. Then if m', m" are 
the masses of the two phases occurring per unit mass in any complex 
formed of them, the volume, entropy and energy per unit mass of 
the complex are given by expressions of the form 

V = m'v' -f wi'V, 

and hence the point (v, s, m) referring to the complex lies on the 
straight line joining the points (»/, s', m') and (ii", s", «"), and is the 
centre of mean position, or centre of mass of masses m', m" at the 
two poults (»/, s', «') and (o", s", «"). The locus of such points is 
the developable surface enveloped by the double tangent plane to 
the {v, s, m) surface of the two phases. 

Similarly for a complex of masses m', m", m'" of three phases 
at the triple point the volume, entropy and energy per unit mass of 
the complex are the coordinates of a point on the triple tangent 
plane which is the centre of masses m', m", m'" at the respective 
points of contact. 

Now täte the plane of {v, s) as the plane of projection; let 

8, L, V be the projections of the points of contact of the triple 

tangent plane corresponding to the solid, liquid and gaseous states, 

and let the thick curved lines represent projections of the loci of 

Bryan. ThonDPdTB.iüi«. «.KCnoolf- 
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178 XVn. GEOMBTEICAL AND DYNAMICAL REPRESENTATIONS. 

pointe of contact of the double tangent planes. Then any point on 
the triple tangent plane within the triangle LVS repreaente a complex 
of three phases, any point on one of the developable snrfiioea between 
the triangle and the cnrred linM represents a complex of two phases, 
and any point outside these regions represents a simple phase only. 
The continuity of the liquid and gaseons states is accounted for 
by supposing that as the double tangent plane rolls, the two points 
of contact ultimately coincide at some point which represents the 
critical point. 



OittaxLJ^. ^ 






JjiqaiA \^ 


^^3^x 


Gaa 


>-^^_^ A. 


i 

TrqAA 


\r 


^^^^/■^ / 


^^^,^ 


'^^ll--\ 




^^-^---^ 




Solid. n^ 











The thermodynamic surface remains concave towards the direction 
of V positive to some distance within the curved lines, and if the 
dotted lines represent the limits of concavity the substance can exist 
in a metastable state represented by points on the surface between 
the dotted and continuous lines. The curves bounding the absolutely 
stable and metastable regions touch at the critical point, as may be 
shown without difficulty. 

172. The surface of dissipated energy. This name has been 
given to the composite surface made up of 

(a) the portions of the thermodynamic (v, s, m) surface beyond 
the lines of contact of the double tangent planes which therefore 
represent essentially stable states, 

(b) the developable surfaces joining the points of contact of 
double tangent planes representing all complexes of two phases^ and 
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(c^ the plane triangle formed by the triple tangent plane which 
represents all complexes of three phases. 

This surface represents the locna of all points at which the 
energy is a minimam for given Tolnme and entropy consistently 
with the thermodynamic properties of the substance. It therefore 
represents all absolutely stable states of Öie working substance. 

It should be noticed that in the case of a substance, hke sulphur, 
which is capable of existing in fonr different phases (not all at the 
same pressure and temperature) and which has three triple points, 
the surface of dissipated enei^ will include three triple tangent 
planes as well as the different developable surfaces (six in number) 
connecting them. 

173. Representation of a complex in the (p, T, %) diagram. It 
is easy to see that the volume, entropy and energy of an actual 
complex are represented in the {p, T, f,) model by the coordinates 
(tangential as previously specified § 229) of a plane (X say) whose 
equation may be written, for the respective cases of a double or 
triple point in the forms 

(325) m'L' + m"L" -0 
or 

(326) m'L' + m"L" + m"'L"' - 

where m', m", m'" represent masses of the phases occurring in onit 
mass of the respective complexes and 

L' - 0, L" = 0, L"' - 
are the tangent planes to the sheets of the (p, T, f,,) surface representing 
the corresponding phases. 

If the fp axis is measured upwards the snr&ce of dissipated 
energy consists of the portions of the thermodynamic surface which 
are convex upwards and extend up to but not above the double lines. 
The portions above these lines which are convex represent metastable 
states (§ 141). There is no region representing a complex, but when 
a substance passes in gradually increasing quantity from one phase 
to another the representative plane L turns in contact with the 
donble line on the upper side of the surface from one tangent plane 
to the other. 

174. Gases where the composition is variable. Except in the 
case of a simple system the number of variables is too great to 
enable the thermodynamic properties to be completely represented by 
a model in three dimensional space. If there are two components 
we have one variable too many, if there are three, we have two 
variables too many. It is necessary therefore to assume some further 
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condition or conditions before a model can be conBtmcted. The most 
interesting applicationB of thermodynamic surfaces are those wliich 
refer to 

(1) a mixture of two components when the pressure ia kept 
constant, 

(2) a mixture of three components when the pressure and tem- 
peratnre are both constant. 

For more than three components the proportions of which are 
capable of independent variation a model in three-dimensional space 
is no longer sufficient. 

The choice of coordinates depends mainly on the problem to be 
studied. For a detailed discussion of experimental aspects of the 
problem the reader is referred to the many excellent treatises on 
physical chemistry. 

For the purposes of theoretical discussion the best variables to 
take are the partial potentials of the components, with the temperature 
as a third variable if there are only two components. For practical 
purposes the variables should be so chosen as to specify the percentage 
composition of the mixture. 

175. The partial potentials of tke components as coordinates. 
Consider first a mixture of two components a, b at constant pressure j), 
and take as coordinates 

Then since by the properties of the mixture p ia a, function of /ia, fi^ 
and T, the equation 

(327) p ^ constant 

determines a surface which is the thermodynamic model of the 
mixture at constant pressure p. 

Moreover the points of intersection of two or three sheets of the 
surface determine states of phase equilibrium between two or three 
phases respectively. 

From the equation 

- vdp + sdT + 2Jmdn — 
it follows that the equation of the tangent plane can be written 

(328) (x - /»„) m, + {y - ii,)m, + {n - T)S = 0. 

Hence if the tangent plane is cut by the plane 2 '- constant, its 
trace on that plane makes with the axis of i^ an angle whose tangent 
is — »taJMi and this determines the ratio of wio to wii, the actual 
masseH in a Quit mass of mixture being got by putting 

«ta + *»6 = 1- 
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Again put 

x = y = r cos 45" 
in the equation of the tangent plane; then remembering m^ + m» = 1 
we get 

(329) sS + \ry2 = conatant. 

Hence if ip be the inclination to the axis of z of the line in 
which the tangent plane meets a plane making angles of 45^ with 
the axes of x and y, 

(330) tan y = S ]/2 

and hence the direction of the tangent plane determines not only 
the composition of the mixtnre bnt also its entropy per onit mass. 
This information ie nsefol in determiniag whether a given change of 
phase is accompanied by absorption or evolation of heat. 

176. In the case of three components, the equations 
p =- constant, T = constant 
determine with the fundamental equation of the mixture a single 
equation between ft^, p«, fic BO that taking the coordinates to be 

the point {x, y, e) lies on a surface which is a thermodynamic model 
of the mixture at temperature T and pressure p. 
The tangent plane to the aarface is given by 

(x — (»«)»»„ + (</ — Hb) mb+ (s ~ Ho) »»c = 
or 

(331) m^x + mty + m^e — f,, = 0. 

The direction of the tangent plane thus determines the percentf^e 
composition of the mixtnre and its position determines the potential fp 
(which however is known independently when m», nt/,, ntc are known as 
well as the partial potentials). 

If we put ma^=0 we see that the tangent plane is parallel to 
the axis of x. This is true whether we are dealing viith two or 
three components. The curves determined by this condition and by 
similar conditions representing the abaence of the other component 
or components determine the boondary of the thermodynamic sur&ces. 
The bounding curve »»a = is the line of contact of an enveloping 
cylinder whose generating lines are parallel to the axis of x. 

If through any point P of this boundary a line be drawn 
parallel to the axis of x and meeting another sheet of the thermo- 
dynamic surface in a point Q on the neffoHve side of £, equilibrium 
will exist between the phase represented by Q and the phase with 
the absent component represented by P. 
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177. Case of two components when one coordinate determines 
the percentage composition. If x and 1 — ^ are the masBes of the 
two components in unit inaaa of a misture we may take ae co- 
ordinates X, T and \f, x lying between and 1, and the thermo- 
dynamic surface will then be given by ß -^ constant. 

The equation 

■■ 8dT+(ii<, — iii)dx 



showB that the equation < 
form 



the tangent plane may be written in the 



(332) 

if we write , 

moreover 



-f,--S(,-T) + (^ -»){«'-«) 
for the coordinate on the tangent plane. 



fp = N^ + (l6(l -sc) 

whence the equation of the tangent plane becomes 

(333) 3 S{y-T) + (i^x' + [i^(l- x'). 

The tangent line in the plane y ^ T is given by 
(834) e = nax' + itt{l~ x') 

and hence Ha, fti, are 
the intercepts which 
it cats off from the 
lines x' = 1, x' = 
respectively. 

If two phases are 
in eqnilibrinm, they 
lie in the same sec- 
tion T = constant, 
and we now see that 
they have a common 
tangent line in that 
plane. It readily fol- 
lows that in any sec- 
tion, a double tan- 
gent line will repre- 
iin sent a complex of 
two phases, and the 
essentially stable sta- 
tes at temperature T will be represented by points on the convex 
line found by the sections of the thermodynamic surface and its 
double tangents. 




•jffionwgeTieous sobition. 
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Now makiog T variable let the double tangent move along the 
sarface always remaüiing parallel to the plane y = 0, and let the 
curves which it traces on the snrface be projected on the plane of 
(x, T). We shall thus have the plane divided into regions, showing 
the limits of percentile composition and temperature corresponding 
to single phases or a complex of two phases. These are the concen- 
tration and temperature diagrams commonly fonnd in treatises on physical 
chemistry, and Fig. 23 shows an example of them, giving the relation 
between the concentration of a solution of dimethylamine in water 
and the temperature. 

178. Case of three components. — Use of trian^lar coordinates. 
For three components the masses per unit mass of the mixture are 
connected by Üie relation 

J»a + J»t + J»c = 1 

and a convenient way of repre- 
senting quantities of this kind 
in a plane is by the use of axial 
or triangular coordinates. If 
ABC is any fixed triangle, 
M any point in its plane, and 
if ((, ß, f denote the ratios -gig. a. 

a BMC &CMÄ ÜAMB 
~^ABC' ^ABC' SABC' 

a, ß, y are the triangular coordinates of M and satisfy the relation 

a + ß + y = l. 
We may take a, ß, y to represent the masses of the components and 
a line MT perpendicular to the plane to represent the potential fp, 
so that the coordinates of P will be 

a = Wo, ß = "»ii Y = «»ci ^ = \f 

and the thermodynamic surface is given by 

ß = constant, T = constant. 
Substituting these values in the differential equation 

dfp SdT + vdP + 2iidm, 

and noting that 

fp = Zftm, 1 = 2?»! 
the equation of the tangent plane reduces to 
(335) 3 = a/to + ßiib + yua. 

Putting ^ = 0, y = 0, a = 1, we get e = fia- Hence Üie potentials 
**ui /!■>, H) are the heights of the tangent plane above the vertices 
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Ä, S, C; tlie oondition of phase -equilibrinm required that the points 
representüig the three phases shall have a commoD double tangent 
plane. The points of contact of these double tangent planes vUl 
divide tbe triangle ASC into regions representing the limits of per- 
centage composition of single phases and of complexes of two phases. 

la forming the sur&ce of dissipated energy the double tangent 
pluie must be rolled on the upper side of the bonading curves in 
the planes, a = 0, ß = 0, y = 0, thns determining the regions 
representing complexes in which one constituent is absent irom one 
of the phases, and it must also be tamed about the highest pointe 
on thermodynamic surfaces above the verticea of the primitive triangle, 
thus determining regions in which one of the phases contains only 
a single constitaent. 

Fig. 25 (after Wüäer D. Bancroft^) is an instance of the digrams 
occurring in treatises on physical chemistry, the three components in 
this case being the nitrates of lead, potassium and sodium. It differs 




trom the theoretical diagrams discussed above in the fact that the 
temperature is not the same at all points. To be complete, the diagram 
would have to be crossed by a series of isothermal lines. For a more 
detailed discussion the reader is referred to the treatises in question 



1) Huue BwU. 
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Description of Fiffure 25. 

Ä is comer for KNOj. 

B is corner for Pb(NOg)i,. 

C 18 comer for NaJJO^. 

At Z) CXOg and NaNOg are in proportions corresponding to 
entectic alloy. 

i; = entectic alloy of KNO3 and Pb(NOj)s,. 

f =. entectic aUoy of NaNO» and Pb(NOa)j. 

Along DO, Bolid phases are K and Na nitrates; 

Along EO, solid pliases are K and Pb nitrates; 

Along 1 0, solid pliases are Na and Pb nitrates. 

At exists nonvariant system of K, Pb and Na nitrates, solu- 
tion, and vaponr. 

Field ADOE represents a divariiint region of ENOj, solution, 
and vaponr, 

Pield CDOF represents a divariant region of NaNO^, Solution, 
and vaponr. 

Field BEOF represents a divariant region of PbNOj, solution, 
and vaponr. 

179. Dynamical Model of Carnot's Cycle. The equations of 
reversible thermodynamics being snalogouB in form to those of 
rational mechanics with the addition of one extra independent variable 
and the corresponding dependent variable obtained by the differentiation 
of a potential function (the variables being temperatare and entropy, 
and the function being the suitable thermodynamic potential), it 
naturally follows that a dynamical model can easily be constructed 
which is capable of representing the phenomena of reversible thermo- 
dynamics. 

A very simple model of a simple system is shown in the 
Fig. 26, on p. 186, A shaft which can rotate freely about a vertical 
axis carries an projecting arm on which a bead of masB m can slide, 
and the distance r of the bead from the axis can be varied by polling 
a string passing over a pulley and through the middle of the shaft. 
To prevent the string from twisting indefinitely with the rotation 
of the shaft a small swivel may be fixed in its vertical part. We 
suppose work done by the tension of the string to represent the 
mechanical work dW of thermodynamics, whereas work done by 
applying a couple about the axis of the shaft represents the communi- 
cated heat dQ. The source and refrigerator of Carnot's cycle may 
he represented by fianges rotating above and below the vertical shaft 
with constant angular velocities ra, and m^ respectively. Heat com- 
munication may be represented by bringing one of these fianges into 
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186 Xyn. GEOMETRICAL AND DYNAMICAL REPRESENTATIONS. 

contact with flanges flsed to the shaft itself (as shown in the figure). 
If two äanges are only brought into contact when their angular relo- 
cities are eqaal the motions will be conservative and reversible as in 
the therm odynamical process 
where the working substance is 
only brought into contact with 
the source or refrigerator when 
their temperature are equal. 

The four processes of Gar- 
not'a cycle will be represented 
as follows: 

(1) The shaft starts with 
atjgular velocity m^ and is dis- 
connected from both flanges. 
The string is pulled till the 
angular velocity of the shaft 
becomes equal to to, the angular 
momentum remaining constant 
and the moment of inertia de- 
creasing. 

(2) The shaft is comieeted 
with the "source" m^ and absorbs 

energy Q^ from it, this energy causing the bead to fly outwards and 
a certain quantity of external work being done by the tension of the 
string. 

(3) The shaft being disconnected and free undergoes an "adiabatic" 
transformation in which the angular momentum remains constant and 
the angular velocity decreases from m^ to co^ as the bead recedes 
further from the axis. 

(4) The shaft is now connected with the "refrigerator" ü>j and 
the bead slowly drawn back to its initial position, energy Q^ being 
given to the refrigerator. 

A Watt's governor with a similar arrangement of rotating flanges 
for the source and refrigerator will lead to an essentidly identical 
cycle. 

If * is the angular coordinate of the shaft, I the moment of 
inertia apart from the bead, the energy of the shaft is 

i - 1 (-T +'»'•')■»■- 1 a +»>•') "■ 

and if h is the angular momentum 

»-(7+».r')o, i-i*». 
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If 6^ is the couple applied- to the shaft, Li^ange's equation of 
motion gives 



^ dt\da>) 



and the work done by this couple while in contact with the source 
is given by 

whence for the whole work 

where h^ and A, are the iuitial and final angular momenta. Similarly 
for the work energy communicated to the relrigerator 

leading to 

This eqttatioB is exactly analogoos to the equation 

T, T, 
of Thermodynamics. Angular velocity represents temperature and 
angtilar momentum represents entropy. 

A further analogy is afforded by the fact that work done by 
the pull of the string representa available energy, whereas work 
cannot be obtained through the angular coordinate by reversible 
methods except by bringing the shaft into contact with another shaft 
rotating with the same angular velocity; energy communicated in this 
way is therefore not wholly available (compare also §§ 43, 44). 

We notice that in the more general case when the shaft has a 
couple G applied to it in any manner 

(337) dQ = to^dt = mdh 
BO that 

-- = dh, analogous with ~ = ds. 

Bat Qj is not the only integrating divisor of dQ. The most general 
form of integrating divisor is m multiplied into a function of h, and 
the energy L is itself an integrating divisor, thus 

(338) ^ = 2^ = d\og¥ 

another analogue of the thermodynamic equation, L taking the place 
of temperature and log k' + const, the place of entropy. Since 
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h' = 2{I+mr')L 

the expr«BBion for the entropy in this case takes the form 

(339) s = log Z. + log (/ + mr^) + const. 

resembling more closely the form for a perfect gas 

s = Y, log T + B log V + const. 

and affording confirmation of the view that temperature is a quantity 
of the nature of the kinetic energy. 

The analogy with thermodynamics does not extend to the irre- 
versible processes arising when two shafts with uneqnal angular 
Telocities are brought into contact. In the dynamical model the 
angular momentum or entropy remains constant and the enei^ 
decreases. 

180. Monocyclic systems. The model described in the last para- 
graph is an example of what von Helmholtz calls a monocydie system 
or system containing one circulating motion; a system containing 
more than one circnlating motion is called pdyoydic, and both are 
included under the general name of cyddc system. The coordinates 
defining the circnlating motions are called cyclic or imcontrollabU 
coordinates; (so that the angular coordinate of the shaft of the above 
model is a cyclic coordinate). The remaining coordinates (such as 
the distance of the sliding mass from the axis) »re spoken of as 
con^ollcMe or non-cydic. Exact definitions of these terms are given 
by the following assumed properties of the system: 

(1) The kinetic and potential energies of the system do not depend 
OB the cyclic coordinates themselves, but the kinetic enei^ is a 
function of their rate of change. 

(2) In variations of the state of the system the rates of change 
of the non- cyclic coordinates are small and the same applies to the"» 
accelerations of both classes of coordinates. 

Let ga, {ft be types of the generalised position coordinates, the 
suffixes a, b referring respectively to non-cyclic and cyclic coordinates. 
Let Pa, pt, be the corresponding impulse- coordinates or generalised 
momenta, Pg, P« the force- coordinates so that Fdq represents the 
work done on the system in the displacement dq. Then if If denotes 
the total energy expressed as a function of the position and impulse- 
coordinates, L, V the kinetic and potential enei^es, Hamilton's 
modification of Lagrange's equations gives for either class 



dq du SL , ^ dp , dU 
dt=Sp=J^ *°^ ^ = dt+di- 
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MONOCYCLIC SYSTEMS. 
In virtue however of the above assamption as to q/,, 



and if dQ is the whole work commnnicated through the coordinates 
Qt, in time dt 

dQ = £Pö dqi=.£^^dt = Sq^dpt 
■where 

d% 
«' = ^' 
If L is the kinetic enei^, L is espressed in the ahove method 
as a bomogeneous quadratic function of the momenta p^i P»t therefore 

^ Hpi, q/, (neglecting qa as assumed). 
For a monocyclic system we therefore have 

(340) f,-''"" x-2'"°8J'. 

80 that either j^ or L is an integrating divisor of dQ. These results 
are analogous in form to the thermodynamic equation 

bat as Helmholtz points out, it is more difficult to obtain dynamical 
properties representing temperature equilibrium between two bodies, 
especially seeing that the condition for this in thermodynamics is that 
the integrating divisors of dQ for the two bodies are equal As to the 
phenomena of heat flow between unequally heated bodies, a purely 
dynamical representation is precluded by the very character of the 
assumed dynamical equations, unless recourse is had to arguments of 
a -statistical character, and even fhen, some assumption must necessarily 
^. be made. 

A poiycyclic system does not in general possess an integrating 
divisor for dQ. If however the changes which take place in it are 
such that aU the cyclic velocity coordinates are always increased or 
decreased in the same ratio, then L will be an integrating divisor 
of dQ. It is to be observed that in this case the velocities are all 
expressible in terms of a single variable so that the system really 
remains monocyclic. 

This condition is satisfied by a large assemblage of molecules 
whose velocities are distributed according to the usual Boltzmann- 
Maxwell Law of the Kinetic Theory of Gases, provided that the 
variations represented hj dQ take place so slowly that this law of 
distribution continuously re-establishes itself 
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181. The Clansins-Szilr System. — Stationary or Qnaei Periodic 
HotiODB. The reaults arrived at as the result of a number of papers 
published by Clausius and Szily between the years 1870 and 1876 
may be said to lie on the borderKne between non- statistical and 
statistical methods. In this method we consider a number of molecules 
whose motions individually are oncontrollable and for simplicity we 
shall represent them by masses »ij at (^1,^1,^1), m, at (x^,yi,Ss) 
and so on. We suppose in addition that there are cert^ controllable 
coordinates, q^, g^, Q^, . ■ ■ entering into the expressions for the energy 
of the system; thus for a mass of gas, the volume of the containing 
cylinder would he a coordinate of this character. The changes of 
these coordinates are so slow compared with the motion of the 
molecules that their Telocitiea are neglected and the kinetic energy 
is therefore entirely molecular. We assume that the character of the 
motion is capable of variation independently of the coordinates 
q^, q%, ■ ■ ■ and that SQ represents energy imparted to the system by 
this independent variation. Taking L and F to be the kinetic and 
potential energies we have 

From the methods of the Principle of Least Action 
S j 2Ldt = ^£m(x3x + ydy + zdz)\ 

+ j{SL - 2:m(xdx + y8y + ii8g)]dt. 

By D'AIembert's principle 

— 2:m {xSx + y9y + z dz) 

„/rfF, , dV , , dV , \ 

= iV-2'^Sq 

= SV-\-SW 

where dW is the external work done through the 2 coordinates. 
Also by conservation of enei^ or the first law 

SQ = iSV-\- SW= SL + SV-\- SW. 
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STATIONART OR QUASI PEEIODIC MOTIONS. 191 

It readily follows that 

d I 2Ldt = f2:m{xdx + ySy + ed^j] + ( SQdt. 

Putting t^ — t^ = ni where n is any uniuerieal quantity whatever 
(integral or fractional), and using a bar drawn over the letters to 
represent mean valnes taken over the time interval ni, the firet and 
last integrals become nS(2iL) and ntSQ and we obtain 

f = ».«.(a)'-t „3 -■ 

Now there are many definite systems performing definite motions 
in which we are justified in assuming that the time interval 

may be so chosen that the term 

(341) [Smixdx + ySy + «ff«)]'"^"' 

either vanishes or \\es between finite limits however large be the 
valne of », so that by making « sufficiently large the qnotient of 
this expression when divided by ntZ may be made as small as we 
please. And the valne of S log \iL*) is not affected hy replacing i 
by a numerical multiple of i, that is by altering », if the mean 
valne L is taken over the same time interval ni. Such cases may, 
be specified by introducing the term "quasi periodic" to characterise 
the particular aystems performing the particular motions to which 
this assumption applies, and we then obtain the property that L 
is an integrating divisor of SQ the quantity taking the place of 
entropy then taking the form log {iL) . 

At the same time the interpretation of the quantity i raises 
difficolties which have to be examined in detail in applying the method 
to any particular case. 

182. Energy accelerations. By introducing the concept of energy 
accelerations it is possible to obtain for a conservative dynamical 
system relations analogous in form and dimensions to the temperature- 
relations which determine the equilibrium or n on- equilibrium of heat, 
such relations being compatible with the view that temperature is a 
quantity of the nature of molecular kinetic energy and is therefore 
a homogeneous quadratic function of the velocity-coordinates of the 
system. 
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ConBidering a Bystem of maeseB m at points (x, y, z) moving 
■with velocities («, v, to) and Bnpposing the potential enei^ due to 
their mntoal actiona as well as to the field in which they are placed 
to be V and taking the equations of motion 



and supposing the suffixes 1, 2, . . . to refer to different particles, it 
will be found that if we form the first differential coefficients with 
reepect to f of the squares and products, snch as 



the signs of these will be reversed by reversing all the velocities 
and this is not what we want, but if we form the second differential 
coefficients 



dp ' dp 



(Mr), . . 



which we call the acederations of these quantities, these can be 
expressed in the form of quadratic functions of the velocitieB pluB 
constant termB. 

These forms show that the accelerations thus defined are 
unaltered in sign when the velocities are reversed in sign, and that 
the squares and products in qneBtion obey differential equations of 
the second order analogons in form to the equatioiu of ordinary 
dynamics. For instance we should have 

dp U "»/~ VWa:J M,^ Vdx'^^ dy'^ ^ dzj dx^' 

The variables (other than position variables) occurring in these 
equations include those neceassary to define the components of kinetic 
energy corresponding to the different particles and coordinates, and 
the equations may be thns used to determine the conditions of energy- 
equilibrium as well as the variations of the energy-components relative 
to their equilibrium values, just as we consider in Dynamics equilibria 
of position and motions relative to states of equiUbrinm, determined 
by the accelerations of the position coordinates. 

If two collections of particles be brought within working distance 
of each other the new state of energy- equilibrium mnst be determined 
with reference to the system as a whole, and energy-accelerations 
will be set up different to those which existed previously. ■ These 
will be of such a character as to bring the systems towards a stable 
distribution or away from an unstable distribution just as two unequally 
heated bodies when placed in contact tend to a stable state of 
uniform temperature. 
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A simple illustration of redistribnbioa of enei^ is afforded by two 
pendulums of nearly equal msBB and period brought witbin each other's 
influence. If one is swinging and the other initially at rest energy 
passes from the former to the tatter and back so as to make the 
average energy the same for both when taken oTer a cycle of changes. 
With two pendulums it is easy to separate them when the energy 
is all in one, but if we had a hundred pendulums and the average 
euei^y of fifty of them were initially different by a finite amount 
from that of the rest, the energies of the pendulums would fiuctuate 
abont an aren^e distribution so that after a short time the avenge 
energy of the first fifty would never differ from that of the others 
by more than a very small fraction. 

183. Dnhem'g Theory of false Epilibria. According to the 
theories of chemical equilibrium as previously discussed a substance 
S will pass from one phase to another as soon as its potential in 
the first phase becomes greater than in the second, and vice versa. 
In a thermal diagram, according to this view, the curve of transition 
from phase 1 to phase 2 will be identical with the cnrre of tran- 
sition from phase 2 to phase 1, and will be the locus of points for 
which the potentials in the two phases are equal. Now it is found 
in practice that two phases may often remain in contact without any 
change taking place even when the conditions of equilibrium obtained 
by the methods of conventional — or as Dt^tem calls it "classical" 
Thermodynamics are not satisfied. In such cases the cnrve of 
transition from phase 1 to phase 2 will be different to the curve 
of transition from phase 2 to phase 1, and the curve of true eqailibriom 
will be bordered by a region of "false equilibrium" in which the sub- 
stance will remain in whichever phase it happens to be without 
any change taking place. If the borderline of this region is reached 
an explosion not unfrequently accompanies the change. These cases 
of false equilibrium have been explained by Dahem on the assumption 
of a resistance analogous to friction which tends to prevent a sub- 
stance from passing from one phase into another. If the difference 
of potential in the two phases is less than the friction, the system 
remains in fake equilibrium, if it is greater the false equilibrium 
breaks up. As in mechanics, the friction always acts in the opposite 
direction to that in which transformation tends to take place, and 
the amount of friction called into play is just what is necessary to 
prevent a change from taking place, provided that this amount is 
less than the limiting friction. 

This frictional resistance differs from viscosity in that the latter 
diminishes indefinitely with the rate of change or velocity. A 
resistance of the latter character merely retards the tendency to 
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assume a state of equilibrium, bat can never maintain the sjatem 
indefinitely in a different state; it would not therefore account for 
phenomena like false equilibria. The conditions under which an 
explosion occurs when a state of false equilibrium is broken have 
also been inveatigated by Duhem, who has shown that they admit 
of a simple geometrical interpretation. 

An example of false equilibrium is afforded by a mixture of 
oxygen and hydrogen at ordinary temperatures. If the mixture is 
ignited by an electric spark a violent explosion takes place. 

A mechanical illustration is afforded by a cylinder containing 
gas, furnished with a tightly fitting piston, between which and the 
cylinder friction acts, and on which various loads can be placed. 
In the absence of friction, the load would by Boyle's law be 
inversely proportional to the volume, and the curve representing 
the relation between volume and load would be a rectangolar 
hyperbola. Owing to friction however this "curve of true equilibrium" 
is bordered by a region of false equilibrium, and the boundaries of 
this region will be rectangular hyperbolas above and below the 
curve of true equilibrium at distances from it representing the limi- 
ting force of friction. One of these boundaries will represent the 
relation between volume and load when the piston is ascending, the 
other when the piston is descending.') It should however be 
mentioned that differences of opinion exist regarding Duhem's theory. 



1) J. W. Mellor, Chemioal Statics and DTaamics, London, Longmana, 1904. 
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CONCLUSION. 

GENERAL SUMMARY OF THE FOUNDATIONS 
OF THERMODYNAMICS. 

In aU the transformations of a, material system considered in this 
book there is a certain entity which 

(1) Bemains constant in quantity, 

(2) Is capable under certain conditions of assuming the forms of 
kinetic and potential energy which are dealt with under the study of 
Rational Dynamics. 

This entity is called energy. 

; As it is only possible to study changes of energy the expression for 

th^ energy of a material system necessarily contains an unknown constant. 

Ibreversible transformations exist, and if such a transformation can 

take place it will do bo. A reversible transformation can only be regarded 

as the limiting form of an irreversible one. 

An irreversible transformation involving energy must from the very 
nature of irreversibility transform energy into forms wbicb are less capable 
of farther transformation than they were previously, and this facb is 
expressible by the statement that such a transformation involves a loss 
of availability. 

In order that the irreversible effects of different transformations 
should be capable of comparison and quantitative measurement it is 
necessary that compensating transformations should exist. In all the 
problems considered in this book, it has been assumed that this is the case. 

When irreversible changes have occurred in the interior of a finite 
system we accordingly assume that the system itself can be brought back 
to its initial state by a compensating transformation, but in this case 
changes must take place in some other part of the uuverse. An irre- 
versible transformation thus leaves an indelible imprint somewhere or other 
on the progress of events in the universe considered as a whole. 

The kinetic and potential energies considered in rational dynamics 
are under all conditions to be regarded sa wholly available for trans- 
formation into other forms. We shall call these forms of energy mechanical 
energy or shortly worh. 

We may therefore measure the loss of availability of an. irreversible 
transformation by the loss of energy capable of being transformed into 
work or kinetic and potential energy of visible motion, that is by loss 
of avaüable energy. It is however necessary to specify more fully the 
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conditions ander which energy is transformable in order to render the 
notion of available energy definite. 

The various forms of kinetic and potential energy occurring in 
phenomena that can be studied by the methods of reversible dynamics, 
with the eiclnsion of statistical methods as applied to molecular dynamics 
are in general to be regarded as wholly available energy. 

Under this heading we include those forms of energy occnrring in 
hydrodynamics and elasticity, where the equations of reversible dynamics 
are applied in conjunction with the methods of the infinitesimal calculus. 
Such applications involve the conception of difierential elements 
which are large compared with tbe molecular structure of matter but 
sufficiently small to define the properties of matter treated in reversible 
dynamics. The conception of such elements is involved in the definitions 
of pressure and density "at a pamt". 

While the notion of a differential element is necessarily an artificial 
one and it is not possible ä priari to draw a bard and fast line between 
energy which is and energy which is not available under all circumstances, 
experience shows that in a large number of physical phenomena the 
distinction is well marked. It is in such cases that thermodynamical 
methods become applicable. 

'' Energy can be transferred from one body to another or from ; 
diETerential element of a body to another, otherwise than by t^e 
formance of work. In such cases the energy so transferred is called heat 
and the quantity of energy so transferred is called the quantity of heat 
passing from the one body or element to tbe other. 

■» Energy communicated to a body in the form of heat is in general 
partially but not wholly available for eonveraion into work, the proportion 
which is available depending on tbe physical state of tbe body and tbe 
external conditions to which it is subjected. Hence we cannot speak of 
a system as containing a definite quantity of beat or a definite quantity 
of work. 
* Passage of heat from one body to another is usually irreversible 

and therefore accompanied by a loss of available enei^. If we define 
j4 to be hotter or colder than B according as available energy is lost 
or gained by the transference of beat from j1 to .S, it follows that beat 
can and in general will pass from hotter to colder bodies, but the reverse 
change can only be efi^ected by combining it with a compensating trans- 
formatiou. When no transference of heat tends in either direction the 
bodies are said to be in tbermal^equilibrinm. 

OamoVs cycle reversed is a compensated reversible transformation 
by which heat can be continuously taken from a colder and given to a 
hotter body or vice versa without loss of availability (§ 63). In this 
case tbe compensating transformation takes tbe form of work absorbed 



a 4ne 
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The ratio of the quantities of heat passing to and from two bodies 
in a Camot's cycle is called tbe absolute temperature- ratio of the bodies, 
and leads to a definition of absolute temperature which is in accordance 
with all the ordinary properties of temperature (§ 63). 
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Absolute temperature aa thus defined in thenuodynamios coutaina an 
indetenninate constant factor depeading on the magnitade of the unit or 
degree which is arbiträr;, and must be fixed by couTention. 

That thermal eqailibrium between two bodies is unaffected by dis- 
placing the bodies so as to alter their relatlre position or orientation is 
not a self evident truth. On the contrary this property is deducible from 
a certain assumption as to the nature of the forces between the bodies, 
(§ 62). 

The conception of teny^atwre at a point of an unequally heated 
body rests on conventions similar to those employed in defining pressure 
at a point or deusitf at a point in ordinary dynamics , and involves the 
consideration of differential elements. The property that tho temperature 
at a point of a material body is the same in all directious depends on 
an assumption similar to that mentioned jnst above. 

An isolated system will tend to a state of stable equilibrium in 
wbioh the available energy is a minimum subject to the conditions that 
the total energy is constant, and it follows that the unavailable energy 
will be a maximum. In this state of equilibrium thermal equilibrium 
must exist between all parts of the system, i. e. tbey must be at üie 
same temperature. 

Let a finite system be in the presence of an indefinitely extended 
material medium all of whose parts are in thermal and mechanical 
equilibrium and therefore at a uniform temperature 7^. Let the system 
undergo any change, such, for example as an irreversible internal change, 
or the communication of heat from without, this heat representing energy 
which is not wholly available under the conditions postulated. Then the 
increase of non-availabh energy produced bj tlie change is proportional 
to the absolute temperature T^ of the medium. This increase when 
divided by T^ is therefore a quantity depending only on the changes 
which take place in the system and not on the temperature of the medium. 
This quantity is called the increase of entropg produced in the system 
by the given transformation. From this increase the entropy of the system 
is defined, but its expression contains an unknown constant entering in the 
same form as an integration constant. 

In some irreversible transformations the change of entropy can he 
expressed as a sum of differentials of the form -^i in many others it is 
impossible to do this in any simple way. 

Entropy is increased by irreversible transformations, but can never 
decrease. If a finite system is put through an irreversible cyclic change, 
there must be an increase of entropy somewhere outside the system. 

When the available energy of a system is a minimum it follows 
from the ordinary properties of maxima and minima in analysis that its 
differential in general vanishes to the first order. For this reason the 
equations of reversible thermodynamics are in general applicable to 
investigate the conditions of thermodynamic equilibriuim. The inequalities 
of irreversible thermodynamics are required in discussing stabüiUf of 
equilibrium. 



Digit zed by Google 



198 CONCLUSION. 

The properties of Bjatems in thennodjnamic equilibrium ai'e thus 
made to depend on potential functions similar to those occurring in 
statics, but with the addition of one further variable. By suitable modi- 
fications of the potential function this variable may be made to be the 
temperature. If such a potential function is known as a function of the 
corresponding variables for a given system the thermodynamio properties 
of the system are completely defined. 

The thermodynamic properties of a simple system as represented by 
a homogeneous fluid are completely spedfled by the following data, or 
their equivalents; 

(a) The pressure as a function of the volume and temperature for 
all volumes and temperatures. 

(b) The specific heat at constant volume as a function of the tem- 
perature alone at one particular volume only. 

The propertdea of a reversible thermo-electric network are determined 
by a single function which represents at any point the quantity of entropy 
gained by carrying a unit charge to that point. From the eflect of 
electric currents on the localisation of both available and unavailable 
energy it appears that entropy must be regarded as capable of being 
located in an electric charge. 
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Heat -see separate entries, such as latent 
beat, quantity of beat, specific 
beat, unit of heat, etc.'j 

Heating a Body 4; 

HelmhoU^ 94, 164, 168; 

— "Free energy" 94; 
Heterogeneous systems, chemically 166; 

— tbermically 68; 
Him 14; 

Hoar-Arost line 144; 
Homogeneous fluids, Stability of 64; 

— Mixture 153; 

— systems, Tbermically 49; 
Eooke 13, 



Ice line 144; 

Impact of imperfectly elastic bodies 73; 
Indicator diagrams 6; 
Inequalities, ClauBius' 59, 61; 
Inner thermodynamic potential 95; 
Internal beat equilibrium 49; 
Intrinsic energy S2; 
InTersion of porous plug effect 181; 
Irreversible Conversion of work into 
heat 71; 

— processes 118; 

— radiation phenomena 106; 

— transformations 67; 
Irreversibility 40; 

Isentropic Coefficient of expansion 9; 
Isothermal Transform ationa 6. 



J 14.- 

Jouk, James Frescott 18, 14, 117, 183, 138. 



K 8; 

Kamerlingh Onnes Dr. 189; 
Kelvin, Lord 16, ao, 90, 128, 167, : 
Kelvin's Expressions for availi 

energy 90; 
— First Scale 20; 
Kilogram Calorie 4; 
Kinetic Theory of gases 189, 
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I.. 

L 29; 

Ip, U 9; 

1 10. 14T; 

LaWt heat of expanaion 9, SI, lOB, 113; 

— of preBBure-Tariation 9, 21, 108, 112; 

— relation with temperatote 160; 

— of transformation 10, 11, 147; 
Leaihem 88; 

Line, Steam, Ice, hoar-A'OBt 111; 
Localiaation of energy 81; 

— — and entropy, EfFecte of Corcents 

on 178; 

— of entropy 78; 
Lodct IB; 
Lummer 99; 

Luetae't (Oat/) Lav 117. 



M. 

MariotU 7, 116; 
Maggiea, F. 98; 
Mazimnm density 12, S6; 
Maxu^tU-BoUzmafm distribntion 189; 
MaoMeWs Four thermodynamic rela- 

tiong 109; 
Mayer, Sobert 18; 
Uechauioal energy 41; 

— eqaiTalent 11; 

— freedom 6; 
Medium, Auxiliary 6T; 

— Granular or Newtonian 80; 
Mellor, J. W. 194; 

Metastable and esientially stable 143; 
Mixture, Qai 121; 

— Potential of a 126, 160; 

— Homogeneons 162; 

— Partial potentials of the Constitaents 

of a 160; 

— Whole entropy of 122; 

Model of CamoVs Cycle, Dynamical 185 ; 

— Thermodynamic 174; 
ModnlDB of elasticity 9, 118; 

— Yonng'g 96; 
Molecnlar Tolnme 118; 
Monoclinic 146; 
Monocyclic System 188; 
Movtier'e Rule 116; 

Moving body, Temperature of 56; 
Mutual potential energy 82. 



Newtonian or GIranular Medium 80; 

Non- Conservation of heat 14; 

Non- reversible transformations 87, 118. 



Onnes, Dr. Kamerlingh 139; 
Optical Methode do not increase avai- 
lability 103. 



Partial differentia] Coefhcienta 28; 

— potentials of the Constitnents of a 

mixture 160; 

— as Coordinates 180; 
PeUitr 167; 

Perfect differential 108; 

— gases 116: 

— reflector 104; 

— refiactor 104; 
Phase, Changes of 10; 

— eqnilibrinm 12, 110, 166; 

— Eiile 146, 146, 168; 
Phlogiston IS; 
Physically SmaU 88; 
Physical State 40; 
Planck 106, 186; 
Plug, Porous 128; 

Inversion of effect 131; 

Point Critical 12, 187; 

— of marimum density 12, 26; 

— Temperature at a 64; 

— Triple 11, 114, 160; 
Poiasw 119; 

Polar reciprocation 176; 
Polycyclic 188; 
Porous ping 128; 

Inversion of effect 131; 

Potentials 91, 119, 128; 

— Constants in the 94; 

— partial, of constitnentsofmixtarel60; 
-— as coordinates 180; 

— Determination of 182; 

— Thermodynamic, expression in t«rmH 

of 111; 
Potential of a gas mixture 126, 160; 
Pressure, Critical 12; 

— Radiation 100; 

— Specific heat at Constant 8; 

— temperature -potential Sorfoces 175; 
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L — Temperature. 



Pressure, Vaponi 10; 

— variation. Latent heat of 9 

Fringaheim 99. 



Q, 2, dQ 47; 
O, <r, dtt lU; 
Qnalitative character of Tbermo- 

djnamicB 41; 
Qnantit; of beat 4, 47 ; 
— generated intemallf 114; 
Qaasi Periodic inotiom. ätationaij or 190. 



S 118; 

Radiation. Black body 99; 

— Entropy of black body 103; 
of directed 106; 

— of heat Ö9 ; 

— phenomena. Irreversible 106; 

— preasnre 100; 
SanMne 19, 1S8; 

Ratio of specific heats 8; 
Rational Dynamical system 29; 
Reciprocation. Polar 176; 
"Reduced" pressure 138; 
"Reflector" perfect 104; 
"Re&actor" perfect 104, 106; 
Begnault 136; 

Relations, MaxweU's four Thermo- 
dynamic 109; 
Reversible Oalvanio element 16S; 
Reversibility S3: 

— of small diplacements from eqni- 

libriom 81; 
Beynolds, Oleome 80; 
Rhombic 140; 
Rule of equal areas 141 ; 

— Phase 145, 146, 168; 
Rumford 13. 



S, S 86, 69; 

Saturated Complex 10, 140; 

Saturation. Cutva of 10, 141; 

— Specific heat in the state of 11; 
Scalar nature of temperature 54; 
Second definition of entropy 38, 116; 

— Law of Thermodynamics 16, 50, 108 
Semi -permeable partitiou 126, 126; 



Simple Systems 5, 31, 107; 

— model of 174; 

— specification of 138; 
Small Calorie 4; 
Solid. Elastic 95; 

Specification of thermoelectric system 17 2; 

— simple system 13S; 
Specific heat 7, 21, 118; 

— at Constant pressnie 9, 111; 

— — volume 8, 111; 

— of electricity 170; 

— of water 14; 

— in the state of Saturation 11; 

— volumes 11; 
Stability 176; 

— Energy test of 80; 

— Gibbs' test 69; 

— of homogeneous fluids 84; 
State. Physical 40; 

Stationary or Quasi Periodic motions 190; 
Statistical irreversibility 34; 

— methods 190; 
Steam line 144; 
SUfan's Law 103; 
Sulphur 146; 

Snpersatnrated Complex 140; 
Surface of dissipated energy 176; 

— thermodynamic 174; 

— Zeta 175; 
Swinbunie Preface IV; 
System. Gla%isius-Siily 190; 

— Monocyclic 188; 

— Simple 5, 21, 107. 



T. 

T 18, 54; 

Tait 19, 139, 172; 

Temperatnre. Absolute 18, 54, 127; 

— Critical 12; 

— entrepy diagrams 19; 

— Pinal 91; 

— ■Gas 3; 

— Latent heat and 150; 

— at a point 64; 

— of equilibriam 10; 

— of Maximum density 13; 

— of moving body 56; 

— scalar nature of 64; 

— of transformation 10, 165; 

— unit of 19; 
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Thermal ooefficients 7, 20, 108, 116; 

— equilibrium 49, 60; 
Thennicall; heterogeneous 6&; 

— homogeneous 49; 
Thermodjnamic models 174; 

— Potentidb ill; . 

Determicatioii of ISS; 

— Belatiom. Macaedl'» four lOB. 

— System 46, 47: 
ThermodjnamicB. First Law of 13, 107; 

— Second Law of 15, 60, 108; 
Thermoelectric effects 164; 
Thennometer. Air 118; 

-!- Ga« 118, ISO; 
"Thetaphi" diagrams 79; 
T?u)mson {see also Kelvin) 18, 188; 
Tianaformation. Adiabfttio 6, 32, 49; 

— Cyclic 6; 

— iBothermal &; 

— Latent heat of 10, 11; 

— Temperature of 10, 165; 

— of thermal coefficients aO; 
Transformations. Compensating 41; 
.— IrreTersible 67; 
Transmission of entropy 78; 

by currents 178; 

Triangtüar Coordinates 188; 
Triple Point 11, 144, 150. 



r. . 

U, u 29, 47, 49; 
Unavailable energy 56; 
Unilateral freedom 83, 158; 
Unit of heat, conventional 4 ; 

absolute 14; 

— temperature 19; 

Univariant 145; 

Universal gas Constant 118; 

Unreality of reversible processea, Physi 

cat 34; 
Unsaturated Complex 140. 



V, V 6; 

Yacnnm, Gas rushing into a 78, 130, 131 ; 

Van derWaalal, 128, 186,186,138,141; 

Vapour pressure 10; 

Viscosity, Fluid motion brought to rest 

by 78; 
Volume energy and entropy of the 

Complex, Whole 148; 

— entropy -energy -surfaces 175; 
Volume, Molecular 118; 

— Specific heat at Constant 8; 

— Specific 11 ; 

— whole and of unit mass 6. 



W, aWBi, 47; 

Wools, Vanderl, 188,136,186,188,141; 

Water, Specific heat of 14; 
Whole entropy of a Kixtore 112; 

— volume, energy and entropy of a 
Complex 148: 

Wien 99; 

Wilder, D., Bancroft 184; 

Wire, ElMtio 111; 

— Flow of electricity along 73; 

— stretched and suddenly cut 7S; 
Work, Equivalence of heat and IS; 

— IrreversibleConversionof 71,114, 128, 



X. 



X 147; 
Xr, Xr 93. 

Young's Modulus 96, 

Z. 
Zero, Absolute 19; 
Zeta Buri^oe 175; 
ZeuMer 10. 



ERRATA. 



Pages 31 and 83, substitute £ for T ai 

Page 89 line 18 for A^(U- T^S)-(Ü^- .„..^ 

or A = (U-T^S)-(V^-T^S^'\ 



the symbol for kinetic energy. 
r, S^ read 



Fifsted b; B, G. Tcsimir, Dnatln, 
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